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MACHINE CONTOURING USING MINIMUM CURVATUREt 

IAN C. BRIGGS* 

Machine contouring must not introduce infor-
mation which is not present in the data. The one-
dimensio0al spline fit has well defined smooth-
ness properties. These are duplicated for two-
dimensional interpolation in this paper, by solv-
ing the corresponding differential equation. 
Finite difference equations are deduced from a 

principle of minimum total curvature, and an 
iterative method of solution is outlined. Observa-
tions do not have to lie on a regular grid. Gravity 
and aeromagnetic surveys provide examples 
which compare favorably with the work of drafts-
men. 

INTRODUCTION This article describes a method for finding a 
Contour maps are useful in the evaluation and solution to problem (b) without first finding • a 

interpretation of geophysical data. With the solution to problem (a). The solution also hap-
rapid increase in the rate of acquisition of data, a pens to be the smoothest. This attribute gives 
computer is an attractive means of producing confidence in the use of the method and explains 
contour maps. the quality of the resulting contour maps. 

Although errors occur in most geophysical The problem of interpolation in one dimension 
observations, contour maps are usually drawn so has led to the piecewise polynomial fit, or spline 
that the imaginary surface on which the contours (Ahlberg .et al, 1967).. A continuous function is 
lie passes exactly through the observations. The found for all values of the independent variable. 
problem of interpolation is then either: (a) to This method has been extended to two dimen-
define a continuous function of the two space sions (De Boor, 1962), and used by Bhattachryya 
variables, which takes the values of the observa- (1969) to give a solution to problem (a). 
tions at the required, perhaps random, positions; However, if the observation points in two 
or (b) to define a set of values at the points of a dimensions are randomly situated, the fitting of ' 
regular grid, so that a grid point value tends to piecewise two-dimensional polynomials to poly-
an observational value if the position of the ob- gons seems difficult, although it is possible if the 
servation tends to the grid point. A solution to set of polygons are topologically equivalent to a 
(a) gives a solution to (b), but a solution to (b) rectangular grid (Hessing et al, 1972).. 
may not give a solution to (a). The solution to (b) The optimum properties of the spline fit can be 
is the one most commonly used as an input to a obtained in both one and two dimensions by 
program which draws contour lines, solving the differential equation equivalent to a.

Methods for the production of contour maps third-order spline. This is the equation which 
have been published by Crain Sz Bhattacharyya describes the displacement of a thin sheet in one 
(1967), Smith (1968), Cole (1968), Pelto et al or two dimensions under the influence of point 
(1968), and McIntyre et al (1968). These methods forces. The 'boundary conditions' are not only at 
are variations of either weighting or function fit- the ends or boundary, but within the - region of 
ting or both, and give a solution to problem (a) interest. The solution is forced to take up the 
and, hence, (b). Crain (1970) has provided a value of the observation at the point of observa-
review of these methods. tion, in one or two dimensions. The equation is 
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solved numerically, and thus gives a solution to 
problem (b). 

The smoothness properties follow from the 
method of deducing the difference equations, and 
the quality Of the resulting contour map is thus 
determined. The solution of the set of difference 
equations is a time-consuming process, but the 
iteration times on the computer have been re-
duced and can be reduced still further. 

THE METHOD 

Tire differential equation 

The thin metallic strip or sheet is bent by forces 
acting at points so that the displacement at these 
points is equal to the observation'to be satisfied. 
Let u be the displacement, x, y the space vari-
ables, and let forces f„ act at (x„„ y„), n=1, • • • , 
N, where the observations are 2v„, then (Love, 
1926) 

d'u 
— = f„, S = xn, 
dx4

= 0 otherwise, 

in one dimension and 

34u , 34u 34u
—+2 4-
ax4 ax24 2 õy4 

= fn S = y = yn, 
= 0 otherwise, 

in two dimensions. The units are dimensionless. 
A condition on the solution is that u(x„).----244, or 
u(x„, y„)=2v„. In one dimension, u, au/ax, and 
43244/43x2, the curvature, are continuous across the 
point where the force is acting, but 83:4/3x3 is 
discontinuous across such a point and the value 
of the discontinuity is equal to the force acting 
at that point (Love, 1926). A solution in one 
dimension is given by a third-order polynomial 

(1) 

(2) 

u = ao a2x2 a35°, 

for each segment between the points where the 
forces are acting. The coefficients ao, • • • , a3 are 
found by using the continuity conditions above. 
This solution is a cubic spline. 

In two dimensions the solution of equation (2) 
is to be used in place of the two-dimensional, 
third-order piecewise polynomial fit. 

Boundary conditions 

The most suitable condition for the ends of the 
strip or edge of the thin sheet is that of freedom. 
kor a strip, the region between the end and the 
extreme observation will have a, linear form, and 
for a sheet, the area between the edge and the 
observations will tend to a plane as the sheet 
becomes larger. 

For one and two dimensions, at the ends or 
edge, the force is zero, and the bending moment " 
about a tangential line is zero. For one dimension, 
these conditions give 

and 

azu 
— = 0, 
ax' (3) 

a2u
- = 0, respectively. -(4) ax2

For two dimensions, they give 

= 0,
a (a2u a2u)

ax ax2 ay2 
where the normal to the edge is in the x-direction, 
and give (4) also. The condition that 

Or 

(5) 

u(x„, y„) = w„, (6) 

is also a "boundary" condition. 
Equation (1) with boundary conditions (3), 

(4), and (6) or equation (2) with boundary condi-
tions (5), (4), and (6) are solved numerically. 

Finite diference equations 

Equation (2) can be derived from the principle 
of minimum curvature. Difference equations can 
be formed from equation (2) usihg. Taylor's 
theorem (Young, 1962) or directly from the prin-
ciple of minimum curvature. The boundary equa-
tions are more easily deduced by the latter 
means. Equations to be used when an observation 
does not lie on a grid point are more easily de-
duced by the former. 

Consider the total squared curvature 

C(u) = ffl—a224 + 32u) 2dxdy. (7) 
ax= ay° 

e

• 
o-

F. 
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It must be shown that if a function u(x, y) makes Since this must hold for all g, V2(V2u)= O. Con-
' C an extremum, then it obeys equation (2), and versely, if u obeys equation (2), and if z is any 

also that if a function u obeys equation (2) then other function on R2, with z=u, and az/an =au/an 
it minimizes C. Let u(x, y) be a function on a on B, we can show that C(u)<C(z). Consider 
region in R2 with boundary B. Let u make C an 
extremum. Let z(x, y) be a function of u(x, y) C(z) — C(u) = f f  [(v24. 2 coury xdy.
and an arbitrary function g, with 

ag 
g = 0 and — = 0 on B, 

On 

where .3/On denotes a derivative along the nor-
mal to B, 

z(x, y) = u(x, y) eg(x, y), 

where e is a real number. 
Then 

ac(z)
ae 

= 0, 
.-o 

and this must hold for all functions g(x, y). 
Writing V2 for 

and 

82 82 
— + ax2 ay2 

C(z) = ff (V2u)2dxdy 

▪ 2€ ff V2uV2gdxdy 

▪ ff V2gddy, 

ac(z)
a, 

= 2 ff V2uV2gdxdy. - 

Using Green's theorem, (Courant and Hilbert, 
1953) the right-hand side gives 

2( ff 
ag 

g‘72(V2u)dxdy f V2u — dl 
B an 

- f g-- (v2u)di). 
)3 an 

The last two integrals vanish and leave 

ff gG"(Vu)dxdy = O. 

The right-hand side gives 

ff (V2z — V2u) 2dxdy 

+ 2 if v2u(v2z _ v2u)dxdy. 

The last term gives upon the use of Green's 
theorem 

2( ff (z — u) V2( V2u)dxdy 

O 
+J  v2u — (z — u)dl 

13 an 

f (z — —a—  (v2u)(//). 
an 

The integrals are zero; C(u) is then always less 
than or equal to C(z). 

The principle of minimum curvature is used to 
deduce the normal difference equations. The 
total squared curvature (7) is constructed directly 
in terms of elements of the set of grid point values 

u(x., 

xi = (i — 1)/2 ) 3') = — 1)h, 

= 1, • • • , /, = 1, • • • 

where h is the grid spacing. The discrete total 
squared curvature is 

I J 

C = E E (ci.1)°, 7 (8) 

where Cid is the curvature at (x„ C,,1 is a 
function of :lid and some neighboring grid 
values; the exact set depends on the accuracy 
with which the curvature is to be represented. 

To minimize the sum C, the functions 

ac 
= 1, • • • , I; = 1, • • (9) 
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are set equal to zero (Stiefel, 1963). The resulting 
equations determine a set of relations between 
neighboring grid-point values, one relation for 
each grid point. 

In one dimension the simplest approximation 
to the curvature at x, is 

— 2u1)/h2, 

and in two dimensions at (x„ yi), it is 

= (241.1,1 - f- 14,5+1 

4 -  14,5_1 —
(10) 

The equation used is a special case of a general 
method for using a random grid for the numerical 
solution of differential equations. The general 
method is used by letting one grid point, the 
observation, be on an irregular grid; the remain-
ing neighbors are on the regular grid in the dif-
ference equation relating a grid-point value to its 
neighbors. 

Equation (2) is equivalent to 

Along edges and rows one from the edge, and If 
near corners, different expressions for the curva-
ture are used. For example, at an -edge j= 1, 

= (ui+1,1 — 2u,,1)/1-22. (11) 

These special cases are also included in the total 
for C. Away from the edges, (10) shows that a 
grid point value uid occurs in the expressions for, 

C1_1.5, Ci .5+1 and Ci.5-1.• 

Thus, only these need to be considered when 
equation (10) is used. Using (8), (9), and (10) the 
common difference equation for the biharmonic 
equation results: 

ui+2.; Ui,j+2 Ui-2,1 Ui,j-2 

2(ui+1,5+1 4 -  24-1,1+1 + Ui+1,5-1 24-1,5-1) 

— 8(u+1,5 14-1,5 Ui,5+1) (12) 

20ui,i = 0. 

For the edge j= I, the difference equation is 

14-2,5 U1+2,j Ui,j+2 Ui-1,j+1 Ui+1,5+1 

— 4(14_1,5 4 -  14,5+1 4 -  14+i,j) (13) 

7ui,1 O. 

A complete set is given in Appendix B. 
The point boundary conditions (6) are used by 

setting uid=wo wherever ui,, occurs in the set of 
linear equations, and by removing those equa-
tions which correspond to these fixed grid points. 

Observation not on a grid point 

If an observation does not coincide with a grid 
point another difference equation is required for 
grid points which are the vertices of the grid 
square in which the observation falls. The obser-
vation point becomes part of the grid. 

a2 a2 /a2u a2u\

ay2)ax2 ay2) 

82u a2u 
Ci; =— + — 

ax2 ay2 
at (xi, yi), (14) 

equation (14) gives the difference equation 
(Young, 1962), 

C1+1.5 ± C1.1+1 + C1,1-1 
(15) 

— 4Ci.5 = 0. 

If equation (10) is used in equation (15), equa-
tion (12) results. However, we need an expres-
sion for Ci,, which uses values of u at discrete 
points not lying on a regular grid. 

Let u be a continuous function on the real two-
dimensional space R2 and let (xo, yo) be in IV. If 
the set of points 

x, + Ek, YO nk}, k = 1, • • • , 5 

are also in .12 2, then for sufficiently small tk, nk 
and if u has sufficiently many derivatives, 

Uk U(Xo b, ye ± 71k), k = 1, • • • , 5, 

is approximated by 

au 

Uo Ek —
aX 

aU 2 a 2U 

itk 
O ay 0 aX2 O 

,92u  2;32u ' 
ic7/k  + -- • (16) 

axay 0 ay2 

To find an expression for 

,92u a2u 
at (xo, yo), 

ax- a)-

both sides of equations (16) are multiplied by a 
real number bk and a sum is made over k, so that 

r • 

• 
• 
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E bkuk = 
k-1 

Ou uo E i + — ax 
Ou 
— E bokay o 
1 a2u

+--
2 ax2

a2u

If the bk are chosen such that 

E bkEk 
E bkt: 

then 

E bkEk 

2 E bk k (17) 
o 

E bktknk 

E
, 2 
Oknk. 

o 

=0,
= 2, E b4knk = 0, (18) 

E bkn: = 2, 

a2u a2u

ax2 ay2 
is approximated by 

The matrix 

at (x,o, yo) 

5 

E bu — u0 E bk• 

k-1 

tl t2 t3 

7/1 '72 713 
2 2 2 

E»ii

ti t2 

t2712 3773 
2 2 2 

711 712 773 

E4 Ek 

774 716 
2 2 

6 714 0711 
2 2 

774 715 

4 

C¡,j E bkuk — E bk + bow., (21) 

where fuk is 

24+1,5_1, 14¡,j_1, 

and tor, is the nearby observation value. 
Equation (21) can be used in (15) to give a 

linear equation relating a grid point to neighbor-
ing grid points and an observation. This is used in 
place of equation (12). 

Iteration matrix 

The set of linear algebraic equations (12), (13), 
and others are best solved iteratively (Young, 
1962). Given an approximate set of Isid, a new 
set is obtained by making ui,i the subject of 
equations (12) and (13) and others. For example, 
(13) gives 

9+1 rA , P 
rkklii-1,j 1 -  24,1+1 + 41,i) 

— (14.7L2,1 2/7+2,5 744+2 

P 
"1-

(22) 

where the index p indicates the pth iteration. 
Starting values must be given, and one suitable 
method is to use the value of the nearest observa-

(19) tion or a weighted sum of neighboring observa-
tions. 

Iteration matrices which give faster rates of 
convergence than that defined by (22) are known 
(Young, 1962; Parter, 1959), but are not de-
scribed here. The proof of the existence of a solu-
tion to the linear equations is omitted (Stiefel, 

(20) 1963), 

must be nonsingular, for the bk to exist. For the 
present purpose, where one uk lies off the regular 
grid, and the remaining four lie on the regular 
grid, with 

t, = 11, 0, —h, 

a suitable set is 

(h, —h), (0, —11), (—Ii, 0), (-11, h), no), 

with 6,>0 and 77a >0. Thus, for an expression for 
the curvature at (s,, y,), we can use 

Smoothness properties 

The measure of smoothness, C= E(cii)2 is a 
function of h and the precision of the approxima-
tion for C1,1. Because the linear equations are 
deduced from the principle of minimum C, for a 
given h and for a given definition of curVature, 
the resulting grid-point surface is smoother than, 
or as smooth as, any other grid-point surface. 
Two contour maps produced by different means 
but using the same data, can be compared for 
smoothness by digitizing the map, if necessary, 
and calculating the total curvature C. The map 
with the lower value of C is usually the more 
acceptable, and delineates trends more clearly. 

• 
• 
• 



•. 
• 

• 
• 

• 
• 

p . . 

Nothing will be said here about the conver-
gence of the grid point values or of C, as the grid 
spacing tends to zero. However, for a given grid 
spacing, the method gives the smoothest possible 
contour map, and it can be used with some confi-
dence as a representation of the given data. 

Drawing lines 

There are many different methods of drawing 
the contours once the grid (Crain, 1970) surface 
has been found. The method used in the examples 
involves a four-point cubic interpolation between 
grid points to find contour cuts, and then a cubic 
spline to join the cuts. The observations art not 
used. This is the weak link in the present scheme. 
Improvements can be made by using the obser-
vations or by using two-dimensional cubic inter-
polation over a grid square. The overall success 
of the application of minimum total curvature 
warrants the undertaking of further work in the 
improvement of details. 

EXAMPLES 

For each map the time for one iteration for one 
grid point was approximately 0.4 msec using a 
CDC 3600 computer. Up to 260,000 grid points 
have been used to contour 60,000 observations at 
one time. To provide edge matching when an 
entire survey cannot be contoured at once, data 
beyond the area to be contoured are used. 

The iterations were discontinued when all sig-
nificant relocation of contour lines had taken 
place. 

Table 1. The smoothest set of discrete 
values fixed at i=3, 5, 8. 

VI

1 
2 

3 
4 
5 
6 
7 
8 
9 
JO 

-5.62 
1.69 
9.00 
16.31 
25.00 
36.46 
49.77 
64.00 
78.23 
92.46 

free grid points tend to values lying on the same 
straight line, and in case (2) the free grid points 
tend to values lying in the same plane. 

Table 1 gives the values of a one-dimensional 
set of grid points which minimize the total curva-
ture. Grid points at i=3, 5, 8 are fixed and the 
imaginary forces required to bend the spline act 
at these points. The difference equations used are 
given in Appendix A. 

Table 2 gives the values of a two-dimensional 
set of grid points fixed at (7, 3), (8, 5), (5, 5), 

Test cases (8, 8), and (4, 8). This set of grid points minimizes
the sum of the point curvatures defined by equa-Two simple test examples are: (1) a one-dimen- tion (10). 

sional set of data taken to lie on a straight line; Table 3 gives the values of a two-dimensional and (2) a set of data points (at least four are set of grid points fixed at infinity and atnecessary) taken to lie on a plane. In case (1) the y = .3 where the observation is (.2)2+ (.3)2= .13. 

Table 2. The smoothest set of grid valves fixed at (7, 3), (8, 5), 

1/1 1 2 3 4 5 

1 
2 
3 
4 

6 
7 
a 
9 
10 

-99.34 
-84.07 
-69.07 
-54.66 
-41.19 
-29.03 
-18.57 
-9.89 
-2.59 
4.00 

-89.96 
-75.42 
-61.31 
-47.83 
-35.18 
-23.59 
-13.42 
-5.04 
2.03 
8.15 

-80.30 
-66.30 
-52.89 
-40.14 
-28.14 
-16.97 
-7.00 
0.86 
7.55 

13.01 

-70.10 
-56.53 
-43.67 
-31.56 
-20.19 
-9.55 
-0.14 
7.61 

14.29 
19.37 

-59.19 
-45.95 
-33.48 
-21.83 
-11.00 
-0.68 
6.40 
16.00 
22.95 
28.03 

6 7 

-47.48 -35.01 
-34.46 -22.12 
-22.17 -9.86 
-10.64 1.74 
0.13 12.61 
10.25 22.80 
19.37 32.15 
27.31 40.50 
34.23 47.63 
39.44 53.34 

(5, 5), (8, 8), (4, 8). 

8 9 10 

-21.93 -B.44 5.25 
-9.12 4.35 18.14 
3.21 16.80 30.84 

15.00 28.79 43.14 
26.05 40.14 54.87 
36.46 50.85 65.94 
46.16 60.85 76.25 
55.00 70.01 85.74 
62.51 78.20 94.48 
69.00 85.67 102.78 

• 
•• 
• 
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table Y. The smoothest set of grid valves fixed at 

infinity and x=.2, y=.3, with x=0, y=0 at (3,3). 

• 1 2 3 4 5 

1 
1 
2 • 
3 
4 
5 

8.00 
5.00 
4.00 
5.00 
8.00 

5.00 
2.00 
1.00 
2.00 
5.00 

4.00 
1.00 
0.00 
1.00 
4.00 

5.00 
2.00 
1.00 
2.00 
5.00 

8.00 
5.00 
4.00 
5.00 
8.00 

The condition at infinity is simulated by setting 

grid values at (x, y) to x2-1-y2 beyond a limit, and 

by not using the boundary difference equations. 

This table shows the results of using equation (21) 

for the case where an observation does not fall on 

a grid point. The grid points used are (-1, 1), 

(-1,0), (0, -1), (1, -1), and the observation at 

(.2, .3). The matrix (20) is 

-1 -1 0 1 .2 

1 o -1 -1 .3 

1 1 0 1 .04 

-1 o 0 -1 .06 

1 o 1 1 .09 

and the resulting coefficients bk, k= 1, • • • , 5 are 

.68, .60, .73, .48, and 2.67. 

These are used in equations (21) and (15) to 

give a value for the grid point at x=0, y = O. 

These and other higher-order surfaces test the 

method in general and the difference equations 

in particular. The illustrated examples use real 

data. 

Almost uniform data 

Figure 1 is the resulting contour map for gravi-

metric data sampled in mgal on a nominal 11 km 

Flo. 1. Gravity data contoured at 1-mgal intervals using a grid spacing of 1.85 km. 
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FIG. 2. Aeromagnetic data contoured at 10-gamma intervals using a grid spacing of 0.5 km. 

network. The grid spacing was 1.85 km and the The general smoothness is satisfactory al-
number of iterations was 90. The number of grid though a relatively rough profile along a line has 
points was 1500. The smoothness of the interpo- an effect on the contours close to the flight-line, 
lating grid surface is apparent. The shapes of and this may not be desirable. The interpolation 
contours for data for this type generally agree is not a product of one-dimensional splines. A sec-
with those of draftsmen. Differences occur when tion across the flight-lines is not the result of a 
the interpolating grid surface lies outside the one-dimensional spline. This may be a drawback* 
range of a closed group of observations, in some cases, but enables trends not lying at 

The deficiency in the line-drawing routine right-angles to the flight path to be displayed. 
shows itself when the.50-mgal contour does not 
pass exactly through a 50-mgal observation. 

Line data 

A more difficult set of data to contour is one 
whose density of sampling is not isotropic. The 
data for the total intensity aeromagnetic maps of 
Figure 2 and Figure 3 were taken at 0.8 km inter-
vals along flight-lines nominally 3.2 km apart and 
at a height of 650 m above ground. The grid spac-
ing used in the contouring was 0.5 km and the 
number of iterations was 60. The number of grid 
points is 6000 in Figure 2 and 16,500 in Figure 3. 

• CONCLUSION 

The principle of minimum total curvature pro-
vides a method of two-dimensional interpolation 
which allows a computer to draw reasonable maps 
of geophysical data. The results are not always as 
a draftsman would have them, but are an ade-
quate substitute in most cases. 
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FIG. 3. Aeromagnetic data contoured at 10-gamma intervals using a grid spacing of 0.5 km. 
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APPENDIX A 
A set of difference equations for one-dimen-

sional interpolation is given. The curvature usetris 

C, = (u1+1 141_1 — 2u,)/ 

Normal 

Away from the ends, use 

14, 2 Ui+2 4(U1-1.4" Ui+I) 6Ui 

End 

At the end i=1, use 

• 
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AUTOMATIC CONTOURING USING BICUBIC FUNCTIONSt 

R. C. HESSING,* HENRY B. LEE,* ALAN PIERCE,S AND 
ELDON N. POWERS* 

A method is described for using a digital com- nique, bicubic functions are constructed on each 
puter to construct contour maps automatically. quadrilateral to form a smooth surface through 
Contour lines produced by this method have the data points. Points on R. contour, line are ob-
correct relations to given discrete data points tamed from these surfaces by solving the resulting 
regardless of the spatial distribution of these cubic equations. 
points. The computer-generated maps are com- The bicubic functions may be used for other 
parable to those drawn manually. calculations consistent with the contour maps, 

The region to be contoured is divided into such as interpolation of equally spaced values, 
quadrilaterals whose vertices include the data calculation of cross-sections, and volume calcu-
points. After supplying values at each of the re- lations. 
maining vertices by using a surface-fitting tech-

INTRODUCTION 

Contour-map displays of data are widely used 
in many engineering and scientific applications. 
In the petroleum industry, contour mapping by 
digital computer has been used as an effective 
tool to analyze geological and geophysical data 
and to depict subsurface structures. Thus, com-
puter mapping is playing a vital role in petroleum 
exploration and production. 

Several articles have recently appeared on 
automatic contouring (Morse, 1969; Cottafava 
and Le Moll, 1969; Pelto et al, 1968). Most 
automatic contouring schemes generate a regular 
grid prior to contouring. The original data points 
Which do not lie on the grid are neglected after 
the grid has been constructed. Thus, contouring 
by this scheme works fairly well if the data are 
uniformly spaced. For irregularly spaced data, 
the grid approach may be unable to honor every 
data point, and the contour lines will fail to rep-
resent a surface which contains the original data 
Points. This paper describes a method that honors 
every data point by constructing a smooth surface 
through the original data. The proposed method 

makes use of multivariable curve interpolation 
by Ferguson (1964). 

DESCRIPTION OF METHOD 

Let D be any set of points dk = (xk, yk, zk), 
k=l, 2, • • • , K, obtained from a continuous 
function of two variables. In order to use the 
method suggested by Ferguson (1964), D must 
be a subset of an array IP„,„, }, n=1, 2, • • , N, 
m=1, 2, • • , M, arranged so that the structure 
obtained by. connecting adjacent points by 
straight-line segments is topologically equivalent 
to an NXM planar rectangular grid. 

The array IP„.?„1 is constructed by dividing 
the set D into "vertical" subsets 171, V2, • • • , Vm 
which satisfy the following conditions: 

1) If da is a member of V„, and 4 is a member 
of V„,+1, then x„<xb. . 

2) If d. and 4 are members of the same vertical 
subset V„,, the line connecting (x„, ya) and 
(x6, yi,) must form an angle with the y axis 
that is less than r/4. 

3) Each V,„ contains at least one member of D. 

t Manuscript received by the Editor October 30, 1971; revised manuscript received January 12, 1972. 

a Amoco Production Company, Tulsa, Oklahoma 74102. 
® 1972 by the Society of Exploration Geophysicists. All rights reserved. 

669 



670 
Hessing et al 

6 

• 
• 
• 
• 
• 

-78 

-7690. 

I (ORIGINAL DATA POINT 

FIG. 1. Planar "grid" of sample data case. 

4) If do is a member of VI or Vs/ it must also 
be on the boundary of the convex hull of D. 

Similar conditions are used to divide the set D 
into "horizontal" subsets Hi, H2,• • • , 

o. 

-7800. 

3) Each H„ contains at least one member of D. 4) If d,, is a member of Hi or HAT it must also • 
be on the boundary of the convex hull of D. 

For reasons of econom'y the number of these 1) If d0 is a member of H. and 4 is a member vertical and horizontal sets should be kept to a of /3„.44, then ya<yb. 
minimum; the number of such sets does not sig-2) If do and 4 are members of the same hori- nificantly affect the appearance of the map. zontal subset H„, the line connecting 

ele-(x,,,  and (n, Yb) must form an angle with 
meNnto.w 

contains at most one ele-
If 1„,„, is nonempty, call the element it the x axis that is less than r/4. contains P„,„,. If /„,,„ is empty, a point must be 

MINN 
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constructed that will satisfy requirements anal-
ogous to conditions 1) and 2) for V,o and 11„. 

The x, y coordinates of a suitable point 
where I„,,,, is empty can easily be found by the It can now be seen that the dependence of the solution of two linear equations involving line weights on L, K, and W0, W1, • • • , W K is quite segments through data points in V„, and H. A complex. Over a period of time several values sample data case depiciting the x, y locations of were tried for each of the parameters. Obviously the 1P„,„,) array is shown in Figure 1. computations increase with increasing L and K, At each point in the array {P„„o ) which is not yet L and K must be sufficiently large (and a data point, a z value is obtained by fitting a Wo, WI, • • • , W, decreasing sharply enough) to 

st•-. 
•11 polynomial to the surrounding data points. A provide a smooth transition when the process is weighted least-squares fit is used. The weight repeated at nearby points. Empirical evidence has 

demonstrated that Ivory, W1=1/2, • • • , 
= WK-1/2 and L= 10, K= 4 are reasonable values 
for the parameters. 

Now a smooth surface (i.e., one with continous 
first-order partial derivatives) through the points 
of the array is constructed as a composite of 
surfaces, one surface for each quadrilateral de-
termined by this array. For each point P„,„, 
= (x„„ y.,, zo,,,,) in the array (which is neither 
the top of a column nor the right of a row) we 
follow Ferguson (1964) to construct a function 

So,„,(u, v) = [X„,„,(u, v), Yo,,o(u, v), Zn,„,(u, v)] 

with the parameters restricted to the unit square 
0 <u, v <1 and with bicubic components 

assigned to each of the contributing data points is 
based on its distance from the point being gen-
erated and its position in relation to the other 
data points. The reciprocal of the square of the 
distance gives greater importance to nearby 
points, while relatively isolated data points are 
given more credence by diminishing the effect of 
clusters. After all of the nondata points in the 
array IP,4 1 have been assigned values, they 
have the same status as the original data points. 
Determination of the weights is described in some 
detail below. A recent report by Shepard (1968) 
presents another approach to this type of inter-
polation problem. 

Choices are first made for several fixed numbers 
whose use is described below: the number 4L, of 
subdivisions of the circle; the number IC+1, of 

- nonzero levels of intermediate weights; the se-
quence Wo> Wi> , • • • , > WK > Wic÷i =Ir K4-2 

, • • • , =0 of such weights. 
Now let (x„.„„ yo,,,,) be a point at which a value 

is to be supplied and let (ai, bi,ci),i= 1,2, • • • , I, 
be the data points. Let 

2 
di = (ai — x„,,)2 (bi — y„,„,)2 and 
oi = tan- '[(bi — — 

Suppose 1 <1 </. For each 1, 0 </ <L-1, 
sider the four sectors 

7v//2L < < 7r/2 + 7r1/2L, 

7r/2 -I- 7r1/2L < O < 7r + 7r1/2L, 

7r -I- r1/2L < 0' < 37r/2 + r 1/ 2L, and 
37v/2 -I- 2L <O < O or 0 < O < 7v1/2L, 

and let J,, be the number of data points (a1,b,,c,) 
such that Of and 8, are in the same sector and 
di<cg. The weight of the point (a„ b„ c,) is then 

and 

(1 / d;) E ,. 
t-o 

3 3 

xn.„,(u, to = E E n ,m p q 
a„ u v , 

p-o 2-0 

3 3 

Yn.„,(u, v) = E E b„7:24PVI, 
p-O 42-.0 

Z „„n (u , 
3 3 

n ,m p •2= E E c„,,,u V 

22 13 
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(1) 

(2) 

(3) 

(see also Coons, 1967). 
con- To determine the coefficients of these bicubics,

we require first that 

So,„, (u, v) = 

if u = v = 0, 

if u = 1, v = 0, 
(4) 

if u = 0, v = 1, 

if u = v = 1, 

so that the surface Sn,„, contains the points P„,„„ 
Pn m+1, Pn 1,m, and P.+1...4-1. This surface is de-
fined over a region which is approximately the 

• 
• 
• 
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quadrilateral determined by these points or, 
more precisely, over the region to be bounded by 
the curves [X,,,,e(0, v), Ye,e,(0, v)], 1Xn.m(u, 0)1 

on (14, Oa [2:non (1, v), Yn on (1, V) j, and [Xem(u, 
1), Y„,„,(u, 1)]. 

If we have previously calculated prescribed 
derivatives R„,„, and Tam, at the points l'n,n„ we 
may require also that 

as„,„, 
  (u, v) = 
au 

and 

 (u, = 

if u = ro = 

if u = 1,v = 0 

if u = 0,v = 1 
(5)

Rn+1 1 if u = v = 1 

Tn " 4_1 

if u = v = 

iiu= 1,v = 
(6) 

if u = 0, v = 1 

if u = v = 1. 

P
o 

n.m-I 

and 

FIG. 2. An element of the composite surface. 

Together with the condition that a2s,,,,,,/auav as,
vanish at (0,0), (0, 1), (1, 0), and (I, 1), equations   (u, ti) 
(4), (5), and (6) determine the coefficients of the av 
bicubics in equations (1), (2), and (3) in terms of 
the arrays Pn {R,,,,,4, and { Teo.} - 

It can be shown (Ferguson, 1964) that the 
composite surface constructed in this manner is 
continuous, i.e.;

S„.„,(u, v) = 

and smooth: 

  (u, = 
Ou 

(1, v) 

v) 

Sn_i,n,(u, 1) 

Sn+1,(u, 0) 

rase ,e.-3 

Ou 

aSn,m4-1 
(0,7') if u = 1 

Ou 

(u,1) 

if u = 

if u = 1 

if v = 

if v = 1, 

Ou 

(u, 0) if v = 1, 

(1,v) if u = 0 

Ou 

(7) 

(8) 
if v = 

av 

av 

(1,v) if u = 0 

if u = 1 

(9) 
if v = 

(see Figure 2). 
The derivatives Rn.„, and Tn,,n are calculated 

from the points near Pn.„, in order to avoid the 
lengthy spline-type calculation of Ferguson 
(1964). We let 

FIG. 3. Derivative calculation. 

Pn:m*1 

qi 
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2 2 LI= (Xnon Xn ,m-1) (Yn,m Yn on-1) y 
„ 

112 = Vn,n1-1-1 — Xn,m) 2 3 111,m+1 — Yn ,m)2 I 
and set 

E = (1/ D21)(P.,. — 

4- (1/ D22)(Pnon+1 

Thus E= (El y E 2, E3) is a weighted sum of P.,. and Pn,,n+i — Pnon, greater weight being given to the vector connecting the closer point. 

• 
• 
• 

673 

We finally set 

Rnm -= (min (xn, — Xn,on-1) X n on+ 1 — Xn,m)) 
• (1/EI)E. 

Thus the x coordinate of R, is min
x, n+i—x„,.) which insures (as the method of 
Ferguson does not) that X„,„,(u, 0) is monotoni-
cally increasing. 

The vector T.,m is calculated in the same fash-
ion, using instead the points P,,÷1,,n and Pn.-1." and interchanging the roles of x and y (see Figure 
3). 

FIG. 4. Contour map of sample data case. 

• 
-• 
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Once the coefficients of the bicubic function 
have been determined, the interpolation is essen-
tially complete and the composite surface is 
available for many applications—contouring, de-
termination of a finer grid, calculation of deriva-
tives, approximation of double integrals, etc. 

Typically, automatic contouring methods solve 
for z at given coordinates, and the location of the 
contour height is found by straight line inter-
polation. Linear interpolation in the true sense 
of the word is not used in this particular method. 
Points on the intersection of the plane z=H with 
the surface S„,„, are found for a given contour 
height H. Given a value of v, 0 <v <1, the cubic 
equation 

3 ( 3 

E E 
T1,171 

Cp )U P  H 

is solved for u. For each solution u between 0 and 
1, x and y are calculated from equations (1) and 
(2). The contour line is approximated by the 
line segments between these points. Usually five 
solutions are adequate to yield a smooth contour 
inside the quadrilateral. If the contour is not 
sufficiently smooth, more solutions are obtained. 
The roles of u and v may be reversed depending 
on the entry and exit positions of the contour. 

CONCLUSIONS 

The procedure described automatically pro-
duces, as noted, sufficiently smooth contour lines 
which are correctly related to the data points. A ' 
contour map generated by this method from the 
sample data case is shown in Figure 4. Maps pro-
duced are comparable to those drawn manually. 
Also, the use made of bicubic functions gives this 
method additional advantages. 

Most automatic contouring methods require 
extensive interpolation directly from the set of 
data points to form a closely spaced grid. Here 
such direct interpolation is necessary only for 

the positions in the array I P., which are not
occupied by data points. In some cases this inter-polation is omitted entirely [i.e., if the original data are arranged in a rectangular grid or other-wise meet the requirements in Ferguson (1964)). 
Even so, some benefit could be obtained by de-
veloping a more efficient interpolation method 
and/or finding new methods of constructing the 
array {P„,„, J in order to reduce the number of
positions not occupied by data points. 

Once, however, this preliminary interpoladon 
has been performed and the bicubic functions 
constructed, the determination of contour lines 
can be followed or replaced by further interpola-
tion. Indeed, these functions are available for 
many applications such as calculation of deriva-
tives or approximation of double integrals—at 
little additional cost and consistent with the con-
tour map. 
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Fig. 5. Interpolation on the grid of fig. 3 using two-dimensional estimation. 
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Fig. 6. Irregular grid with increased number of rows and columns. 
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Fig. 7. Data contouring after interpolation of the grid of fig. 6 using two-dimensional 
estimation. 
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Fig. 8. Data contouring after interpolation on the grid of fig. 6 using two-dimensional 

estimation followed by twenty harmonizing iterations. 
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A METHOD OF IIIVARIATE INTERPOLATION AND 

SMOOTH SURFACE FITTING FOR VALUES GIVEN 

A'r IRREGULARLY DISTRIBUTED POINTS 

Hiroshi Akirna* 

Abstract -- A method of bivariate interpolation and 

smooth surface fitting is developed for z values given at points 

irregularly distributed in the x-y plane. The interpolating func-

tion is a fifth-degree polynomial in x and y defined in each trian-

gular cell which has projections of three data point's in the x -y 

plane as its vertexes. Each polynomial is determined by the 

given values of z and estimated values of partial derivatives at 

the vertexes of the triangle. Procedures for dividing the x-y 

plane into a number of triangles, for estimating partial deriva-

tives at each data point, and for determining the polynomial in 

each triangle are described. A simple example of the application 

of the proposed method is shown. User information and Fortran 

listings are given on a computer subprogram package that imple-

ments the proposed method. 

Key Words and Phrases — Ilivariate interpolation, interpolation, 

partial derivative, polynomial, smooth surface fitting. 

The author is with. the Institute for Telecommunication Sciences, 
Office of Telecommunications, U.S. Department of Commerce, 
Boulder, Colorado 80302. 



1. INTRODUCTION 

In a previous study (Akima, 1974 a, b), we developed a method of 

bivariate interpolation and smooth surface fitting. The method was de-

signed in such a way that the resulting surface would pass through all 

the given data points. Adopting local procedures, it successfully sup-

pressed undulations in the resulting surface which are very likely to 

appear in surfaces fitted by other methods. Like many other methods, 

however, this method also has a serious drawback. Applicability is 

restricted to cases where the values of the function are given at rec-

tangular grid points in a plane; i.e. , the values of z = z(x,y) must be 

given as zii = z(x i ,yi ) in the x-y plane, where i = 1, 2, nx and 

j = 1, 2, , ny. This restriction prevents application to cases where 

collection of data at rectangular grid points is impossible or otherwise 

impractical. 

The subject of the present study is bivariate interpolation and 

smooth surface fitting in the general case where the values of the func-

tion are given at irregularly distributed points in a plane; i.e. , the 

case where the z values are given as z i = z(xi,y1), where i = 1, 2, , 

n. Despite potentially wide applicability of a method of bivariate inter-

polation and smooth surface fitting for irregularly distributed points, 

studies for developing such a method have not .been active in the past. 

Two types of approaches are possibig; one using a single -global 

function, and the other based on a collection of local functions. In the 

former approach, the procedure often becomes too complicated to 

manage as the number of given data points increases: Moreover, the 

resulting surface from the former sometimes exhibits excessive un-

dulations. For these reasons, only the latter approach is considered 

in the present study. 
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Bengtsson and Nordbeck (1964) suggested a method based on par-

titioning the x -y plane into a number of triangles (each triangle having 

projections of three data points in the x-y plane as its vertexes) and on 

fitting a plane to .the surface in each triangle. Obviously, the resulting 

surface is not smooth on the sides of the triangles although it is con-

tinuous. In addition, their suggestion for partitioning so that the sum 

of the lengths of the sides of these triangles be minimized is too com-

plicated to implement. 

Shepard (1968) suggested a method based on weighted averages 

of the given z values. The basic weighting function is the square of the 

reciprocal of the distance between the projection of each data point and 

that of the point at which interpolation is to be performed. The actual 

weighting function is an improvement of this basic weighting function in 

that the actual function corresponding to a distant data point vanishes. 

Through this improvement the originally global procedures in this 

method became local. This method has several desirable properties. 

It takes into account the "shadowing" of the influence of a data point by 

a nearer one in the same direction. It yields reasonable slopes at the 

given data points. However, it fails to produce a plane when all the 

given data points lie in a slanted plane; this property is considered to 

be a serious drawback. 

In conjunction with variational problems containing second -order 

derivatives, Zlamal (1968) discussed an approximation procedure using 

fifth-degree polynomials in x and y over triangular regions in the x -y 

plane. To determine the coefficients of the polynomial for each tri-

angle, he uses, in addition to the z values and the first and second 

partial derivatives (i.e. , zx , z)T , zxx , zxy, and zyy) at the three ver-

texes of the triangle, three partial derivatives, each differentiated in 

the direction normal to one of the three sides of the triangle at the 

3 
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midpoint of the side in question. ;w theory was generalized to 

(4m + 1)st-degree polynomials for functions m-times continuously dif-

ferentiable on a closed triangular domain by Zenisek (1970). Although 

a comprehensive interpolation method is not suggested in their papers, 

their papers were instrumental in stimulating portions of the ideas 

developed here. 

In the present study, we develop and propose a method of bivari-

ate interpolation and smooth surface fitting that is applicable to z 

values given at irregularly distributed points in the x -y plane. As in 

the method for rectangular grid points developed in the previous study 

(Akima, 1974 a, b), the interpolating function used in the method pro-

posed in the present study is also a smooth function; i.e., the inter-

polating function and its first -order partial derivatives are continuous. 

The proposed method is also based on local procedures. The surface 

resulting from the proposed method will pass through all the given 

data points. 

In this report, the proposed • method is outlined in section 2, 

with some mathematical details in Appendix A. A simple example 

that illustrates the application of the proposed method is shown in 

section 3. Some pertinent remarks are addressed in section 4. In 

Appendix B, user information and Fortran listings are given on the 

IDBVIP/IDSFFT subprogram package that implements the proposed 

method. 
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Z. DESCRIPTION OF THE METHOD 

In this method the x-y plane is divided into a number of triangu-

lar cells; each having projections of three data points in the plane as 

its vertexes, and a bivariate fifth -degree polynomial in x and y is ap-

plied to each triangular cell. 

For a unique partitioning of the plane, the x -y plane is divided 

into triangles by the following, steps. First, determine the nearest 

pair of data points and draw a line segment between the points. Next, 

find the nearest pair of data points among the remaining pairs and draw 

a line segment between these points if the line segment to be drawn 

does not cross any other line segment already drawn. Repeat the 

second step until all possible pairs are exhausted. 

The z value in a triangle is interpolated with a bivariate fifth -

degree polynomial in x and y, i.e. , 

z(x,y) = x j yk 
(1) 

The coefficients of the polynomial are determined by the given z values 

at the three vertexes of the triangle and the estimated values of partial 

derivatives zx I z yt Z
XX

, and z at the xy y y 

imposed condition that the partial derivative 

vertexes, together with the 

of z by the variable nicas-. 

ured in the direction perpendiculao,to each side of the triangle be a 

polynomial of degree three, at most, in the variable measured along 
the side. The procedure for interpolation in a triangle including de-
termination of the coefficients of the polynomial is described in detail 
in Appendix 

smoothness 

proved also 

A. Smoothness of the interpolated values and therefore 

of the resulting surface along each side of the triangle is 
in the Appendix. 
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Procedures for estimating the five partial derivatives locally at 

each data point are not unique. The derivatives could be determined 

as partial derivatives of a second-degree polynomial in x and y that 

coincides with the given z values at six data points consisting of five 

data points the projections of which are nearest to the projection of the 

data point in question and the data point itself. This procedure is a 

bivariate extension of the one used in the univariate osculatory inter-

polation (Ackland, 1915). Adoption of this procedure has an advantage 

that, when z is a second-degree polynomial in x and y, the method 

yields exact results. As will be shown in section 3, however, this 

procedure sometimes yields very unreasonable results. 

We will take a different approach and estimate the partial deriv-

atives in two steps; i.e. , the first -order derivatives in the first step 

and the second-order derivatives in the second step. To estimate the 

first -order partial derivatives at data point P we use several addi-

tional data points Pi = 1, 2, . .., nn ) the projections of which are 

nearest to the projection of P selected from all data points other than 

Po. We take two data points Pi and Pi out of the nn points and con-

struct the vector product of P0 P. and PP .; i.e. , a vector that i s
0 j 

perpendicular to both Po Pi and P,t/ P. with the right-hand rule and has

a magnitude equal to the area of the parallelogram formed by Po Pi

and P0 P. . We take P. and P. in such a way that the result ing vector3 3 
product always points upward (i.e. , the...a component of the vector 

product is always positive). We construct vector products for all 

possible combinations of P0 P. and P0 P. (i j) and take a vector sum

of all the vector products thus constructed. Then, we assume that the 

first -order partial derivatives zx and z 

of a plane that is normal to the resultant 

at P0 are estimated as those

vector sum thus composed. 

Note that, when nn = 2, the estimated zx and z are equal to the part ia l 
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derivatives of a plane that passes through Po , P1 , and P2 . Also note 

that, when nn = 3 and the projection of P0 in the x -y plane lies insid e

the triangle formed by the projections of P1 , P2 , and P3 , the esti-

mated zx and z are equal to the partial derivatives of a plane that 

passes through P1 , P2 , and P3 . 

In the second step, we apply the procedure of "partial differen-

tiation" described in the preceding paragraph to the estimated 'L x

values at P1 (i = 0, 1, 

and zxy (zxy  ) at Po . 

2, nn ) and obtain estimates of zxx (zx )x

We repeat the same procedure for the esti-

mated z values and obtain estimates of z (z ) and z (z ) xy y x YY Y Y 
We adopt a simple arithmetic mean of two z values thus estimated xy 

as our estimate for zxy at P0 . 

The selection of n is again not unique. Obviously, nn cannot 

be less than Z. Also, it must be less than the total number of data 

points. Other than those, there seems to exist no theory that dic-

tates a definite value for n . The best we can say is that, based on 

the example to be shown in section 3 and on some others, we recom-

mend a number between 3 and inclusive) for nn. 

7 
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3. APPLICATIONS 

Using a simple example taken from the previous study (Akima, 

1974 a, b), we illustrate the application of the proposed method. We 

take a quarter of the surface shown in the example in the previous 

study and sample 50 data points from the surface randomly. The 

coordinate values of the sampled data points are shown in table 1. 

Knowing from the physical nature of the phenomenon that z(x, y) is a 

single -valued smooth function of x and y, we try to interpolate the z 

values and to fit a smooth surface to the given data points. 

Figure 1 depicts contour maps of the surfaces resulting from the 

30 data points with asterisks in table 1, while figure 2, from all the 50 

data points in the table. In these contour maps, projections of the 

data points are marked with encircled points. In each figure, the ori-

ginal surface from which the data points were sampled is shown in (a). 

The surface fitted with piecewise planes (i.e. , the surface consisting 

of a number of pieces of planes, each applicable to one triangle) is 

shown in (b). Of course, such' a surface is continuous but not smooth. 

The surface fitted by the method that estimates the partial derivatives 

with a second-degree polynomial is shown in (c). The surfaces fitted 

by the proposed method using three, four, and five additional data 

points for estimation of partial derivatives at each data point are shown 

in (d), (e), and (f), respectively. In drawing these contour maps, the 

z values were interpolated by their resrective methods at the nodes of 

a grid consisting of 100 by 80 squares; in each square, the z values 

were interpolated linearly. 

Figures 1 and 2 indicate that the proposed method yields reason-

able results although these results might not necessarily be satisfac-

tory for some applications. In tl figures very little difference is 
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Table 1. An example set of data points. 

(Thirty points with asterisks are used in figure 1, 
while all 50 points are used in figure 2. ) 

z • 

1 * 11.16 1.2.1 22.15 
2 * 24.20 16.23 2.83 
3 12.85 3.06 22.11 
4 19.85 10.72 7.97 
5 * 10.35 4.11 22.33 

6 24.67 2.40 10.25 
7 * 1972. 1.39 16.83 
8 15,91 7.74 15.30 
9 * 0.00 20.00 34.60 

10 * 20.87 20.00 5.74 

11 6.71 6.26 30.97 
12 3.45 12.78 41.24 
13 * 19.99 4.62 14.72 
14 14.26 17.87 10.74 
15 10.28 15.16 21.59 

16 * 4.51 20.00 15.61 
17 17.43 3.46 18.60 
18 22.80 12.39 5.47 
19 * 0.00 4.48 61.77 
20 7.58 1.98 29.87 

21 16.70 19.65 6.11.
22 6.08 4.58 35.74 
23 1.99 5.60 51.81 
24 •-•• 25.00 11.87 4.40 
25 * 14.90 3.12 21.70 

9 

Yi z • 

26 3.22 16.78 39.93 
27 * 0.00 0.00 58.20 
28 * 9.66 20.00 4.73 
29 2.56 3.02 50.55 
30 * 5.22 14.66 40.36 

31 * 11.77 10.47 13.62 
32 17.25 19.57 6.43 
33 * 15.10 17,19 12.57 
34 25.00 3.87 8.74 
35 12.13 10.79 13.71 

36 ' 25.00 0.00 12.00 
37 22.33 6.21 10.25 
38 11.52 8.53 15.74 
39 14.59 8.71 14,81 
40 * 15.20 0.00 21.60 

41 7.54 10. 69 19.31 
42 4 5.23 10.72 26.50 
43 17.32 13.78 12.11 
44 * 2.14 15.03 53.10 
45 0.51 8.37 49.43 

• 
46 22.69 19.63 3.25 
47 * 25.00 20.00 0.60 
48 5.47 17.13 28.63 
49 * 21.67 14.36 5.52 
50 * 3.31 0.13 44.08 
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exhibited in the resulting surfaces due to the difference in the number 

of data points used for the estimation of partial derivatives in the pro-

posed method. Figures 1(c) and Z(c) demonstrate a peculiar idiosyn-,-

cracy of the method based on second-degree polynomials; more data 

points yield a much worse result in this example. 

• 
• 
• 

• 
• 
• 

• 
• 
• 
• 
• 
• 
• 

• 
• 
• 

Decision as to whether or not the proposed method is applicable 

to a particular problem rests on each prospective user of the method. 

The examples given here are expected to aid one in making such a 

decision. Comparison of (d), (e), or (f) fitted by the proposed method 

with (a) the original surface or (b) the piecewise-plane surface in each 

figure should be helpful for such a decision. Also, comparison of 

figures 1 and 2 gives one some idea on the dependence of the resulting 

surfaces upon the total number of data points and the complexity of 

original surfaces. 

12 

ta
 i

n
te

rp
re

ta
ti
o

n
. 

Z.=

c 
.2 

lio
n
 S

ea
 g

e
o

th
e

rm
a

l 
fie

ld
, 

m
ti
ti
ty

 l
o

g
g

in
g

 lo
o

ks
, 

lic
e

 e
ns

 ir
o

n
m

e
n

t.
 

cr) 



4. CONCLUDING REMARKS 

• 
• 
• 

We have described a method of bivariate interpolation and smooth 

surface fitting that is applicable when z values are given at points irre-

gularly distributed in an x-y plane. For proper application of the 

method, the following remarks seem pertinent: 

(i) The method does not smooth the data. In other words, the 

resulting surface passes through all the given points if the 

method is applied to smooth surface fitting. Therefore, the 

method is applicable only when the precise z values are 

given or when the errors are negligible. 

(ii) As is true for any method of interpolation, the accuracy of 

interpolation cannot be guaranteed, unless the method in 

question has been checked in advance against precise values 

or a functional form. 

(iii) The result of the method is invariant under a rotation of the 

x -y coordinate system. 

(iv) The method is linear. In other words, if z(x i ,y i ) = 

a z t (x•,y.) + b z"(x.,y.) for all i, the interpolated values I I 

satisfy z(x, y) = a z i (x,y) + b z"(x, y), where a and bare 

arbitrary real constants. 

(v) The method gives exact results when z(x,y) represents a 

plane; i.e. , z(x,y) 
a00 a lOx a 01 Y' 

where a00' a101

and a
01 

are arbitrary real nnstants. 

(vi) The method requires only straightforward procedures. No 

problem concerning computational stability or convergence 

exists in the application of the method. 

A computer subprogram package that implements the proposed 

method is described in Appendix B. 
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APPENDIX A 

INTERPOLATION IN A TRIANGLE 

Assuming that the plane is divided into a number of triangles, we 

describe a procedure for interpolating values of a function in each tri-

angle. The primary emphasis is on the smoothness of the interpolated 

values not only inside of the triangle but also on the side of it; i. e. , 

the interpolated values in a triangle must smoothly connect with those 

values in an adjacent triangle on the common side of two triaiw,les. 

Basic Assumptions. 

Using a two-dimensional Cartesian coordinate system with x and 

y axes, we describe the basic assumptions as follows: 

( ) The value of the function at point (x, y) in a triangle is inter-

polated by a bivariate fifth -degree polynomial in x and y; i.e. , 

5 -i 
z(x,y) = E o 

.k 
ik" 

Note that there are 21 coefficients to be determined. 

(ii) The values of the function and its first -order and second -

A - I ) 

order partial derivatives (i.e. , z, z, , 7 . , z , z , and y XX X y 

z ) are given at each vertex of the •triangle. This assump-

tion yields 18 independent conditions. 

(iii) The ¡partial derivative of the function differentiated in the 

direction perpendicular to each side of the triangle is a 

polynomial of degree three, at most, in the variable meas-

ured in the direction of the side of the triangle. In other 

words, when the coordinate system is transformed to another 

Cartesian system, which we call the s -t system, in such a 

15 
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• 
• 
• 
• 
• 

• 
• 
• 

ale 

way that the s axis is parallel to each of the side of the 

triangle, the bivariate polynomial in s and t representing 

the z values must satisfy 

0z
tssss (A-2) 

Since a triangle has three sides, this assumption yields 

three additional conditions. 

The purpose of the third assumption is two-fold. This assumption adds 

three independent conditions to the 18 conditions dictated by the second 

assumption and, thus, enables one to determine the 21 coefficients of 

the polynomial. It also assures smoothness of interpolated values as 

described in the following paragraph. 

We will prove smoothness of the interpolated values and therefore 

smoothness of the resulting surface along the side of the triangle. Since 

the coordinate transformation between the x -y system and the s -t sys-

tem is linear, the values of z , z z , z , and z at each vertex x y' xx xy YY 
uniquely determine the values of z s , zt' z z , and z at the same 

vertex, each of the latter as a linear combination of the former. Then, 

the z, z ' and z s values at two vertexes uniquely determ ine a fif th-s s 

degree polynomial in s for z on the side between these vertexes. Since 

two fifth degree polynomials in x and y representing z values in two 

triangles that share the common side are reduced to fifth -degree poly-

nomials in s on the side, these two polynomials in x and y coincide with 

each other on the common side. This pr.oves continuity of the interpo-

lated z values along a side of a triangle. Similarly, the values of z i

and z st (zt. )s at two vertexes uniquely determine a third-degree poly-

nomial in s for i t: on the side. Since the polynsomial representing zt is 

assumed to be third degree at most with respect to s, two polynomials 

representing z t in two triangles that share the common side also • 
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V ! , 

• 
• 

• 
• 
• 
• 
• 
• 
• 
• 
• 
• 
• 
• 

coincide with each other on the side. This proves continuity of z t and 

thus smoothness of z along the' side of the triangle. 

Coordinate System Associated With the Triangle. 

We denote the vertexes of the triangle by V I , V 2 , and V3 in a 

counter -clockwise order, and their respective coordinates in the x -y 

Cartesian coordinate system by (x
1
,y

1
), (x 2 2 

,y ), and (x3 ,y 3 ), a s 

shown in figure A -1(a). We intrOcluce a new coordinate system asso-

ciated with the triangle, where the vertexes are represented by (0,0), 

(1,0), and (0, 1) as shown in figure A -1(b). We call this new system 

the u-v system. 

The coordinate transformation between the x -y system and the 
u-v system is represented by 

where 

x=au+bv+x
0 ) 

y =cuirdv-4-_y o , 

a = x
2 

- x
1 ' 

b = x
3 

- x
1 

C = y2 - y l , 

d = y3 - , 

x 0 x l 

Y o - Y 1 . 

The inverse relation is 

u = E d(x -x 0 ) - b(y-y o )J /(ad - bc) , 

V =[-c(x-x 0 ) -I a(y-y 0 )] /(ad - bc) . 

17 
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(a) x-y system. 

(c) s -t system-1. 

(e) s -t system-3. 
 Ow—

(0,0) 

(b) u -v system. 

(d) s -t system-2. 

Figure A-1. Variow; coordinate systems. 
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The partial'derivatives in the x -y system are transformed to the 

u-v system by 

• 

• 
• 
• 

z v = b zx d 

vv 

z , 

a 2 z + 2acz xx xy + c z , 
YY 

abz +(ad + bc)z -f cdz xx xy YY 

b2 z + 2 bd z + d 2 z XX . xy YY 

(A-6) 

Since this coordinate transformation is linear, the interpolating 

polynomial (A-1) is transformed to 

z(u, v) = i k 
Pik 

uJ 
k=0 

(A-7) 

Since it is the p coefficients that are determined directly, as shown 

later, and are used for interpolating z values, it is unnecessary to re-

late the p coefficients to the ci coefficients used in (A-1). 

by 

The partial derivatives of z(u, v) in the u-v system are expressed 

zu(u,v) = 

zv(ti,v) = 

zun(u,v)
j=2. lc , 0 

5 5-j 

T Ej vk

4 5-j 

E E j,0 k=1 

j k-1 
11( //- v

5 5-1 

P
jku 

5_,
z uv E jkp. vk-1 , 

i=1 k=1 jk 

19 
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• 

• 

• 

• 
• 
• 
• 
• 

3 5-j 

z vv(u ' v) = E 
k= 

k(k-l)p k -Z 
jk v

We denote the lengths of the unit vectors in the u-v system (i.e. , 

the lengths of sides V 1 V 2 and V 1 V3 ) by Lu and Lv, respectively, and 

the angle between the u and v axes by They are given by euv' 

Lu = a 2 + c 2

Lv = 132 + (A-9) 

- 
O = tan-1 (d/b) - tan' (c/a) , uv 

where a, b, c, and d arc constants given in (A-4). 

Implementation of the Third Assumption. 

We represent the third assumption (A-2) in the u-v system and 

derive useful equations for determining the coefficients of the polyno-

mial. We do this for three cases corresponding to the three sides of 

the triangle. 

First, we consider the case where the s axis is parallel to side 

V
1

V
2' 

as shown in figure A-1(c). The coordinate transformation 

between the u-v system and the s -t system is expressed by 

u= 

v= 

[ (sin Buy) (s - so ) - (cos Ouv ) (1- t0)} I (Lu sin
(A-10) 

(t - to ) / (Lv sin Ouv ) 

where Lu' Lv, and O UV are constants given in (A-9). Partial deriva-

tives with respect to s and t are expressed by 

as 

COS 0 
L1V 

Lu sino tu uv 

V". 

C 
r ••• . • - 

1 
L v sin 6 uv 

ti 

C7 

(A-11) 

.27 .c 

01 
E 
C 

as 
C 

C E C 
C 

E -Z 
= 

1 . 



respectively. From (A -2.), (A-7), and (A-1 1 ),  obtain 

L p - 5 L cos y
nv 50 U 

Next, we consider the case where the s axis is parallel to side 

V
I 

V
3' 

as shown in figure A -1(d). The coordinate transformation is 

expressed by 

• - (t - to ) / 
uv ' 

sin 6 ) 

(cos O uv)(t .- to ll / (Lv sin P uy ) . ✓ [(sin O ) (s - 30 ) 1

Partial derivatives are expressed by 

1 a 
s Lv av ' 

at - 

cos 6 uv 

L U sin e au ▪ Lv sin e 6v uv uv 

Then, from (A-2), (A-7), and (A-14), we obtain 

L
v 

p
14 

- 5 Lu cos 0uv p05 
= . 

(A-13) 

(A -I4) 

(A-15) 

Next, we consider the third case where the s axis is parallel to 

side 
V2V3' 

as shown in figure A-1(e). The coordinate transformation 
is expressed by 

where 

• 
• 

U = A (s - s o ) B(t - t o ) , 

v = C (s - s
0

) + D (t t 0 ) 

40-

A = sin( Guy - ous) / (Lu sin

B = - cos( 00  - 6 S ) / (Lu sin A ) U ' UV ' 

C = sin O us / (1'v sin 6 uv ) ' 

D = cos eus / (L, .. 111 O uv ) ' 

21 

(A-16) 
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-1 
o u s = tan E (d - c) / (b - a)] tan

-1
(c /a) . 

• 
• 
11 
11 
11 
11 
11 
11 
11 
41 
11 

• 

The 9 constant is the angle between the s and the u axes. The a, b, 
us 

c, and d constants are given in 

in (A-9). 

(A-4), and L; L , and (q are given 
u v uv 

Partial derivatives with respect to s and t are expressed by 

= A +C—, 
ds dv 

(A-18) 

From (A -Z), (A-7), and (A-18), we obtain 

5A 4 B p50 + A 3 (4 B C + A D) p41 + A -  C (3 B C + 2 A D) p32 

+ A C`(2 BC +3A D) p
23 

+ C3 (BC+4 A D)p14 + 5 C4 Dp05 = 0 . 

(A -I9) 

Equations (A-12), (A-15), and (A-19) are the results of imple-

mentation of the third assumption (A-2) in the u -v coordinate system. 

They are used for determining the coefficients of the polynomial (A-7). 

Determination of the Coefficients of the Polynomial. 

Obviously, we can determine 

terms by letting u = 0 and v= 0 and 

z,, z , z , and z at V 1 (i.e. , 
uu uv vv 

The results are 

o 
z c 

z n
te

rp
re

ta
ti
o
n
. 

POO 

P IO 

P01 

P o 

-6 

the coefficients of the lower -power 

by inserting the values of z, z u , 

u = 0 and v 0) in (A-7) and (A-8). 

AO-

z (0,0) / 2 , 
uu 

T. 
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O P 1 I 7

P02 

(0,0) , 
UV 

Next, letting u = 1 and v = 0 and inserting the values of z, z u , 
and z at V

2 
(i.e. , u = 1 and v = 0) in (A-7) and the first and the third uu 

equations in (A-8), we obtain the following three equations: 

p
30 

4- p
40 

+ p
50 

= 

31 3Q + 41)40 4 5 p50 = 

P30 + 12 P40 + 201)50 = 

- Poo - Pio 
- P20 

zu (1 ' Cq - P10 - 21'20 

1 uu(1, - 2- P20 

Solving these equations with respect to p30 , p40 , and p50 , we obtain 

P30 = 

p
40 

= 

[ 20 

- 15 

z(1,0) 

z(1,0) 

- 8 zu(1, 0) + z ( 1 , 0 ) - 20P 0 - 12 p10 - 6 P , 

7 zu(1, 0) - zuu(1, 0) + ISp0Q + 8 plo 3p

2, 

, 

p
50 

= [ 12 z(1,0) - 6 zu(1,0) + z ( 1 , 0 ) - 12p00 - 6pio - p2.0 ]/2. 

(A-21 ) 

Since poo , p10 , and p20 are already determined by (A-20), we can cal-
culate 

P30' P40' and p50 f rom (A -21 )• 

Similarly, using the values of z, zv , and z vv at V3 (i.e. , u 0 
and v = I) and working with (A-7) and the second and the last equations 
in (A-8), we obtain 

410,

1303 
= { 20 z(0, I) - 8 zv(0, 1) + zYNI(C), 1)  - 

20P00 
- P01 - 6p0 112' 

1304 
- 15 z(0, 1) + 7 z \ (0, 1) - 

zvv(0, 1)• "5  P00 8p01 
+ 3

= P05 
1- 12 z(0, 1) - 6 z ( 0 , 1 ) + zvv(0, I ) - 12 poo - 6p01 - p02 1/2 

23 

(A-22) 



With p
50 

and p
05 

determined, we can 

from (A-12) and (A-15), respectively: The results are 

P41 - 

P 
- 

14 

5 Lv cos o uv 

Lu

5 L
u 

cos 0 
UV 

Lv

P50 , 

PO5 • 

determine p
41 

and P 14 

(A -Z3) 

Next, we use the values of zv and z at V (i. e. , u = 1 and 
uv 

v = 0) with the second and the fourth equations in (A-8) and obtain 

P Z1 -} P31 z v(i ' °) P01 P ll P41 

2 p21 + 3p31 zuv (1 , 0) - p11

Solving these equations, we obtain 

3z (1,0) - z (1,0) - 3p01 - P ll 4. 41 P P2 1 =

(A-24) 

P31 = _ 2z v (1,0) -f z uv(1,0) 4 2p01 + p - 2 1) 4 1 • 

Similarly, using the values of z u and z uv at V
3 

(i.e. , u = 0 and 

v = 1) with the first and the fourth equations in (A-8), we obtain 

where 

3 zu (0,1) 
P12 7-- 

- z
uv

(0,1) - 3 
p10 

- Z 
pll 

+ p , 
14 

(A-25) 

P13 .= - 2 zu(° ' I)
t zuv(0, 1 ) + 2 1)10 + P1 1 - 2-P 14 

Equation (A-19) is rewritten as 

g l P32 4- g7 P 23 111 

g
1 

= A -  C (3 BC 4 2. A D) 

= A C (2 BC 4 3 A D) , 

24 

(A -Z6) 

(A-27) 
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we obtain 

where 

h l = - 5 A
4 

B p50 - A 3 4 13C 4 A D) 1)41 

- C
3 

(BC + 4A 
D)p14 

- 5C
4 

Dp
05 

with A, 13, C, and D defined by (A-17). From the value of z vv 

and the last equation in (A-8), we obtain 

where 

h 
P22 + P• 32 - 2 

h , (1 / 2)z (1,0 ) Poz Plz •V V 

at V
Z

(A-28) 

(A-29) 

Similarly, from the value of z at V
3 

and the third equation in (A-8), uu 

(A-30) 
P 22 + P• 23 = h3 

h = ( 1 / 2 )z
3 uu ZO 21 

(A-31) „ 

Solving (A-26), (A-28), and (A-30) v,ith respect to p
22

, p
32' 

and

we obtain 

p
22 

(g 1 h +g 2. 3 -h 1 )/(g 1 4 
) 

P32 = liz - P22 

P23 h3 - P• 22 

g,) 

(A -3Z) 

with 
gl' 

g
2, 

h
l' 

h
2' 

and h3 given by (A-27), (A-29), and (A 7 31 ). 
• 

Step-by-Step Description of the Procedure. 

In summary, the coefficients of the polynomial are determined 

by the following steps: 

(i) Determine a, b, c, and d (coefficients for coordinate tran;-;-

.formation) from (A-1). 

Z5 

• 



'4( 

(ii) Calculate partial derivatives zu , zv, Z , and zvv from 
uu •uv 

(A-6). 

(iii) Calculate Lu, Lv, and O (constants associated with the u -v 
uv 

coordinate system) from (A-9). 

(iv) Calculate A, 11, C, and ll (coefficients for another coordinate 

transformation) from (A-17). 

(v) Determine 18 coefficients ot the polynomial from (A -20), 

(A-21), (A-22), (A-23), (A-- ,'.1), and (A-25) -- in this order. 

(vi) Calculate g l , g h1, h z , and h3 from (A-2.7), (A-29), and 

(A-31). 

(vii) Determine the remaining three coefficients from (A-32). 

For a given point (x,y) in the triangle, one can interpolate the z 

value by the following steps: 

(i) Transform x and y to u and v by (A-5) with necessary coeffi-

cients given by (A-4). 

(ii) Evaluate the polynomial for z(u,v) given in (A-7). 

Although some equations. look complicated, the procedure de-

scribed here is straightforward. It can easily be implemented as a 

computer subroutine. 
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APPENDIX 

CON1PUTER Su HPROC;RAM PACKAGE 

User information and Fortran listings of the ID IWIP/IDSFFT 
- subprogram package are given in this -appendix. This package imple-
ments the method of biva.riate i ,Iterpolation and smooth surface fitting 
for irregularly distributed data points, described in section 2 of this 
report. It is written in ANSI Standard Fortran (ANSI, 1966). 

The package consists of a block -data subprogram and the follow-
ing six subroutines; i.e. , IDBVIP, IDGEOM, IDLCTN, IDPDIRV, 
IDPTIP, and IDSFFT. Two subroutines, IDBVIP and IDSFFT, are the 
master subroutines of the package, and each interfaces with the user. 
The remaining four subroutines are common supporting subroutines 
called by IDBVIP and IDSFFT. The IDI3VIP subroutine performs bi-
variate interpolation for irregularly distributed data points; it estimates 
the z values at the specified points in the x -y plane. The IDSFFT sub-
routine performs smooth surface fitting; it estimates the z values at th e
specified rectangular grid points in the x -y plane and generates a 
doubly - dimensioned array containing these estimated values. 

The package includes three common blocks; i.e. , IDGM, IDNN, 
and IDPI. Including these common areas, the package occupies approx-
imately 3200 locations on the CDC -6600 computer.

.0% 
When the user wishes to call either IDBVIP or IDSFFT subroutine 

repeatedly with identical data as parts of input data in two consecutive 
calls, he can save computation times considerably by specifying an ap-
propriate mode of computation. (This mode is specified with the MD 
parameter in the call statements to be described later. ) 
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User information on IDI3V11' and that of IDSFP1 will follow. This 

information is followed by Fortran listings of the seven subprograms ---

six subroutines listed in alphabetical order, followed by the block-data 

subprogram. 

The IDBVIP Subroutine. 

This subroutine performs bivariate interpolation when the pro-

jections of the data points in the x-y plane are irregularly distributed 

in the plane_ 

This subroutine is called by the following statement: 

CALL IDBVIP( MD,NDP,XD,YD,ZD,WK,NIP,XI,Y1, Z11 

In this call statement, the input parameters are 

MD = mode of computation (must be 1, 2, or 3 

= 1 for new XD-YD, 

t 2 for old XD-YD, new XI-Y1, 

= 3 for old XD-YD, old 

NDP = number of data points (must be 4 or greater), 

XD = array of dimension NDP containing the x coordinates 

of the data points, 

YD = array of dimension NDP containing the y coordinates 

of the data points, 

ZD = array of dimension NDP containing the z coordinates-
..., 

of the data points, 

WK =- array of dimension (2*NDP+ NNP+5)*NDP+ NIP 

to be used internally as a work area, 

NIP = number of points to be interpolated at (müst be I or 

greater), 

• 
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XI = array of dimension NIP containing the x coordinates 

of the points to be interpolated at, 

YI - = array of dimension NIP containing the y coordinates 

of the points to be interpolated at, 

where NNP is the number of additional data points used for estimating 

partial derivatives at each data point. The output parameter is 

ZI = array of dimension NIP, where the z coordinates 
t 

of the interpolated points will be stored. 

The LUN constant in the data initialization statement is the logical 

unit number of the standard output unit and is, therefore, system de-

pendent. The user must enter an appropriate number into LUN before 

compiling this subroutine. 

The value of NNP must be given through the IDNN common block. 

NNP must be 2 or greater, but smaller than NDP. In the subprogram 

package listed below, it is set to 4. The user can change it by declaring 

COMMON/IDNN/NNP 

in his calling program and by assigning a number of his choice to NNP 

with an arithmetic assignment statement before the call to IDBVIP. 

The call to this subroutine with MD = 2 must be preceded by an-

other call to this subroutine with the same NDP value and with the same 

contents of the XD and YD arrays. The all with MD = 3 must be pre-

ceded by another call with the same NDP and NIP values and with the 

same contents of the XD, YD, XI, and YI arrays. Between the call 

with MD = 2 or 3 and its preceding call, the WK array should not be 

disturbed. 

Table B-1 (p. 32) shows the approximate computation times re-

quired on the CDC -6600 computer. 
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The IDSFYT Subroutine. 

This subroutine performs smooth surface fitting when the pro-

jections of the data points in the x-y plane are irregularly distributed 

in the plane. 

• 
• 
• 

• 

• 
• 

This subroutine is called by the following statement: 

CALL IDSFFT(MD,NDP,XD,YD,ZD,WK,NXI,NYI,XI,YI,ZI) 

In this call statement, the input parameters are 

MD = mode of computation (must be 1, 2, or 3), 

= 1 for new XD-YD, 

= 2 for old XD-YD, new XI-YI, 

= 3 for old XD-YD, old XI-YI, 

NDP = number of data points (must be 4 or greater), 

XD = array of dimension NDP containing the x coordinates 

of the data points, 

YD = array of dimension NDP containing the y coordinates 

of the data points, 

ZD = array of dimension NDP containing the z coordinates 

of the data points, 

WK = array of dimension (2* NDP+ NNP 5)* NDP+ NXI *NYI 

to be used internally as a work area, 

NXI = number of output grid points in the x coordinate 

(must be 1 or greater), 

NYI = number of output grid points in the y coordinate 

(must be 1 or greater), 

XI = array of dimension NXI containing the x coordinates 

of the output grid points, 

YI = array of dimension NYI containing the y coordinates 

of the output grid points, 

la
ta

 i
n
te

rp
re

ta
tio

n
. 

30 

a 

ia
lt
o
n
 S

ea
 g

eo
th

er
m

al
 f

ie
ld

. 

rr
't
ii
R

 
lo

g
g
in

g
 t

o
o
ls

, 

ci
t%

e 
e

M
ir
o

n
m

e
n

t 



where NNP is the number of additional data points used for estimating 

partial derivatives at each data point. The output parameter is 

ZI = doubly-dimensioned array of diinension (NXI,NYI), 

where the interpolated z values at the output grid 

points will be stored. 

The LUN constant in the data initiali7ltion statement is the logical 

unit number of the standard output unit and is, therefore, system de-

pendent. The user must enter an appropriate number into LUN before 

compiling this subroutine. 

The value of NNP must be given through the IDNN common block. 

NNP roust be 2 or greater, but smaller than NDP. In the subprogram 

package listed below, it is set to 4. The user can change it by declaring 

COMMON/IDNN/NNP 

in his calling program and by assigning a number of his choice to NNP 

with an arithmetic assignment statement before the call to this sub-

routine. 

The call to this subroutine with MD = 2 must be preceded by an-

other call to this subroutine with the same NDP value and with the same 

contents of the XD and YD arrays. The call with MD =- 3 must be pre-

ceded by another call with the same NDP, NXI, and NYI values and 

with the same contents of the XD, YD, XI, and YI arrays. Between 

the call with MD = 2 or 3 and its petceding call, the WK array -should 

not be disturbed. 

Table B-2 (p. 32) shows the approximate computation times re-

quired on the CDC -6600 computer. 
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Table B-1. Pproximate computation time :i rcquired for the 

1DBVIP subroutine on the CDC -6600 computer. 

Table 13-2. Approximate computation times required for the 

IDSFFT subroutine on the CDC-6600 computer. 

Time (seconds) 

NDP 

20 

30 

50 

NXI*NYI 

4.
 d
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MD=1 MD=2 MD=3 

11* 11 

33 *33 
101 * 101 

0.50 
1. 1 
5.8 

0.12 
0.70 
5.4 

0.07 
0.40 
3.4 

0.08 
0.41 

11 * 11 
33*33 

1.5 
2.. 1 0.85 

101*101 7.3 6.0 3.5 

11*11 6.8 0.22 0. 11 

33 *33 7.8 1.2 0.50 

1014,101 14.0 7.3 3.7 

32 

S
it 

lo
g

g
in

g
 t

o
o
ls

. 

U
c
li
‘ 

rm
ir
o
n
m

e
n
l.
 

.2 

-5 
o



4 

4 

SUBROUTINE ID1(VIP(mD.NOP.xD.YD.2D.wK.NIP.x1.Y1+211 

C THIS SUBROUTINE PERFORMS BlvARIATE INTERPOLATION WHEN THE PRO-

C ACTIONS OF THE DATA POINTS IN THI X-y P1ANE ARE IRREGuLARLY 

C DISTRIBUTED IN THE PLANE. 

C THE INPUT PARAMETERS ARE 

C mD = moDE OF COMPUTATION (MUST RE 3. 7. OR 1). 

C -* 1 FOR NEW X')-YO. 
C = 7 FoR OLD XD-YD. mtw XI-Yl. 

C . 1 FOR OLD XD-YD, OLD XI-YI, 

C NDP = NUMBER OF DATA POINTS (MUST RE 4 OR GREATER). 

C xD = ARRAY OF DIMENSION NDP STORING THE x COORDINATES 

C OF THE DATA POINTS. 

C YD = ARRAY OF DIMENSION HOP STORING THE Y COORDINATES 

C oF THE DATA POINTS, 

C ZD = ARRAY OF DIMENSION NDP STORING THE 7 (C)ORDINATES 

C OF THE DATA POINTS. 

C WK • ARRAY OF DIMENSION (7, NDP+NNP45)ANDP,NIP 

C 10 BE USED AS A WORK AREA. 

C NIP = NUMBER OF INTERPOLATED POINTS 

C (MUST BE 1 OR 6REATERI ,

C xT = ARRAY OF DIMENSION NIP STORING THE x COORDINATES 

C OF THE INTERPOLATED POINTS. 

C VI = ARRAY OF DIMENSION NIP STORING THE V COORDINATES 

C OF THE INTERPOLATED POINTS, 

C WHERE NNP IS THE NUMBER OF ADDITIONAL DATA POINTS USED FOR 

C EST IMATING PARTIAL DERIVATIVES AT EACH DATA POINT. THE VALUE 

C OF NNP MUST BE GIVEN THROUGH THE 1DNN COMMON. NNP MUST BE 2 

C OR GREATER. BUT SMALLER THAN HOP. 

C THE OUTPUT PARAMETER IS 

C 21 = ARRAY OF DIMENSION NIP, WHERE THE 2.COORDINATES 

C OF THE INTERPOLATED POINTS ARE ID 13( DISPLAYED. 

C THE LUN CONSTANT IN THE DATA INITIALIZATION STATEMENT IS THE 

C LOGICAL UNIT NUMBER OF INC STANDARD OUTPUT UNIT AND (S. 

C THEREFORE, SYSTEM DEPENDENT. 

C DECLARATION STATEMENTS 
DIMENSION XD(10).YD(10),LD1101.wr(I000). 

1 x1(10) .y1(10).21(10) 
COMMON/IDNN/NNP 

COmMON/IDGm/NDPC.NNPC.NT.NL 
COmmON/IDPI/NCE.ICE 
EQUIVALENCE (FAIDPO.NDPO).(ENOPPv.NOPpv),

(FNNPO.NNP0).(FAiNPPv.NNPPv). 

2 IFNIPO.NIP0).(ENIPPv.NIPpv). 

(FNT,NT),IFNL.NLI 
DATA LUN/6/ 

C SETTING OF SOME INPUT PARAMETERS TO LOCAL VARIABLES. 

In mD0=mD 
NDPO=NDP 
NDPC=NDPO 
NIPORNTP 
NNPO=NNP 
NNPC=NNP0 

C ERROR CHECK. (ALL MD) 

2n IF(mOn.LT.I.OR.mDO.GT.11 
IF(NDPO.L7.4) Go TO 90 
IF(NIPO.LT.1) Go To 90 

IF(NNPn.LT.2.0R.NNPn.GE.NDPnI GO TO 90 

IF(MD0.NE.1 1 GO TO 2: 

21 wK(1 )=EADPn 
wK(2)=ENNPO 
GO TO 24 

22 FNOPPV=wK(1) 
ENNPPv=wK(2) 
IFINDPO.NE.NOPpvt Go TO 90 
IF(NNP0.NE.NNPpv) GO TO 90 

4" 

GO To OF 

33 

(ALL MD) 

1111 001 

In1 00? 
IRI 001 
!RI 004 
¡RI nns 
IRI 006 
1(4 1 nr,7 

MI OOP 
000 

1R1 010 

!RI 01 1 
1131 01? 

IR1 013 
1131 014 
1131 015 

111 1 
IBI 
IBI 
IBI 
1131 
111! 
181 
1BI 

1111 
!RI 
IRI 
!RI 
1131 

IRI 
1131 
IBI 
1131 
IR! 
181 
(RI 
IR! 
(RI 
1131 
1131 
IRI 
IRI 
IRT 
IR! 

1131 
IRI 
1131 

!RI 
IR! 
1131 
IR! 
IR.! 

1131 
(RI 

IHI 
181 
IS! 
1131 
TB! 
(RI 
1111 
IR! 
1131 
IR! 
IR! 

017 

018 
019 
020 
021 
027 
023 
074 
075 
026 
027 

0711 
n2R 
030 
031 
032 
033 

034 
fac 
036 
017 
nis 
019 
040 
041 

047 
043 

044 
045 
046 

047 
04e 
049 
Os() 
OS) 
ns7 
nsl 

054 
Oss 
056 
057 
058 
059 
060 

063 
067 
063 
064 
065 



S 
11 
11 
11 
11 
11 
11 
11 
11 
11 
11 
11 
11 
11 
11 

11 
11 
11 
11 
11 
11 
11 
11 
11 
11 
11 
11 
11 

• 
11 
41 
11 
11 
11 
11 

C.

C 

1 
71 CONTINUE 

C NORMAL EXIT 
An RETURN 

C ERROR EXIT 
90 WRITE (LUN.2090) mDO.NDPO.NIPO.NNPO 

RETURN 
C FORMAT STATF,iFNT FOR ERROR mESSAGF 
2090 FORmATI1X/41H *.* ImPROPER INPUT PARAMETER VALUFISI./ 

I 7H MO .914,10XI5HNOP . ,16+10Xt5HNIP =916. 
2 10X.5HNNP =.16/ 
3 35H ERROR DETECTED IN ROUTINE 1013VIP/1 
END 

GO To 26 

IwIPL).wx( iwIPN1 1 

(ALL MD) 

IFImnn.Nr.11 
23 FNIPPLe=wrIll 

IF(NIPO.mE.NIPPV) up TO nn 
GO 10 3n 

74 wx(1)=FNIPn 
ALLOCATION OF STORAGE ARFAS IN THE VT ARRAY. (Al l MPI 

NDND.41)=NnnneI41)Pn-11 

iwipt.)wlpT+NDNOml 

IwIPN=IwIPI+NDMDml 
iwnn .1w1PNI+NDPo•NNPn 
IwIT .1wpn ..NDP0+5 

C DIVIDES Tuí X-Y PLANE INTO A HUMMER OF TRIANGLES AND 
C DETERMINLS NNP POINTS NEAREST EACH DATA POINT , (MD.1 ) 

an IFIMD.67.1) GO TO 42 
41 CALL ID6FOMIXO.YD.WKI IWIP1 1,wKI 

WK(5)=FNT 

wKI61=FNL 
Go Tn Sn 

42 ENT=WKI51 
ENL=WrIA) 

C ESTIMATES PARTIAL DERIVATIVES AT ALL nATA POINTS. 
sn CALL IDPoRv(XDoT,ZD,wK(NIPN).wv(IWRO)1 

C LOCATES ALL INTERPOLATED POINTS. fm0.1.2) 
6n IFIMDn.E0.11 GO Tr 70 

JwIT=IwIT-1 
DO 61 I IP=1.NIPO 
JwIT=JwIT+1 
CALL IDLCIN(xDorn.wicI lwIPT).WKI TwIPLI. 

1 x1 1 1 1P1.Y1(11P).wKIJwIT11 
81 CONTINUE 
INTERPOLATION OF THE 71 VALUES. (AL( MD) 
70 NCE.0 

ICE.° 

JwIT=IwIT-1 
DO 71 IIP=10NIPO 

JwIT=JwIT41 

CALL IDPTIPIXD,YD.ZD•wK(NEPT).wKIIWIPL).WKI IWPDI. 
wKIJWITI.XI(IIP), Y1I IIP1.21111P11 

SUBROUTINE IDGFONIXD,YD,IPTIIIPLI,IPN/ 
THIS SUBROUTINE DIVIDES THE X-Y PLANE INTO A NUmRER OF 
TRIANGULAR AREAS ACCORDING TO GIVEN DATA POINTS TN THE PLANE, 
DETERMINES LINE SEGMENTS THAT FORM THF RORDER OF DATA AREA, 
DETERMINES THE TRIANGLE NUMBERS CORRESPONDING TO THE BORDER 
LINE SEGMENTS, AND SELECTS SEVERAL DATA POINTS THAT ARE 
NEAREST TO EACH OF THE DATA POINTS. 
AT COMPLETION, POINT NUMBERS OF TmE VERTEXES OF EACH TRIANGLE 
ARE LISTED COUNTER-CLOCKWISE. POINT NUMBERS OF THE END POINTS 
OF EACH BORDER LINE SEGMENT ARE LISTED COUNTER-CLOCKWISE, 
LISTING ORDER OF THE LINE SEGMENTS BEING COUNTER-CLOCKWISE. 
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1"1 

101 "$1P 
101 n0,9 
IR! n.70 

IP! n71 
1111 n72 
111 1 n7? 

ID I " 4 
/PI n7s 
181 n7s 

IPI 177 
101 078 

1 4 (X 4101 / 
101 

084;IBI c.0
1111 081 
101 084 

101 nss 
101 ()rah 
lOT 007 
Iii! Ong 

101 091 

IR! n91 
101 094 

IBI 095 

TOT 09A 
101 (197 

101 090 

IR! 099 
IR! 100 
IR1 101 
ini 1 0 2 
[RI 103 

IBI 104 
IR! 105 
IRI 106 
IRI 107 
!HI 108 

IBI 109 

181 110 

/RI 111 
101 112 
!RI 113 
181 114 
101 115 
101 116 

!Gm 
!Gm 
IGm 
!Gm 
IGm 
IGM 
IGM 
IGN 
IGM 
!Gm 
IGM 

001 
002 
003-
004 
005 
006 
007 
008 
009 
010 
011 
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C THE INPUT PAPAmETERS APE 
C xo.y.D . ARRAYS STORING THE x AND Y COORDINATFS. RFSP.. C OF DATA POINTS. 
C THE OUTPUT PARAMETERS ARC 
C IpT a 

C 
C 
C 

C.
C 
C 
C 
C 

4. 

ARRAY OF DIMENSION 3+NT, WHERE THF POINT NURBERS 
OF THE VERTEXES OF THE I IT1TH TRIANGLE ARE TO RE 
DISPLAYED AS THE (301T 2)ND, (14,IT-1)ST, AND 
134,1T)TH ELEMENTS. I1=1,2  NI. 

IPL . ARRAY OF DIMENSION 3, NL. WHERE THE POINT NUMBERS 
OF THE END POINTS OF THF (111TH PORnF9 LINr 
SEGMENT AND ITS RESPECTIVE TRIANGLE NUMBER API-
TORE DISPLAYED AS THE (3•IL-2)ND. (3411L-1)St. 
AND (3*.IL)TH ELEMENTS, 11.1,2   NL. 

IPN 1. ARRAY OF DlmENSION NOPIMNP, WHERE THF POINT 
NumBERS OF NNP DATA POINTS NEAREST To FAcH OF 
THF RATA POINTS APE TO RE O1ÇPLAYFD. 

C WHERE NDP IS THE TOTAL NUMBER OF DATA POINTS, NNP IS TH( 
C NUMBER OF DATA POINTS NEAREST TO EACH DATA POINT, NL IS 
C THE NUMBER OF BORDER LINE SEGMENTS, AND NT IS THE NUMBER 
C OF TRIANGLES. NDP AND NNP ARE GIVEN TO THIS SUBROUTINE 
C tHROUGH THE IDGM COMMON. NL AND NT ARE CALCULATED BY THIS C SUBROUTINE AND ARE LEFT IN THE IDGM COmMON AT COMPLETION. 
C DECLARATION STATEMENTS 

DIMENSION XD(101.Y0(10•IPTI1On),IPLi 100),TPN(50) 
COMmON/IDGM/NDP.NNP.NT'OvL 
EQUIVALENCE (DS01.1DS011.IDS02.1D5o2).(nSom,IDSOM) 

C PRELIMINARY PROCESSING 
In NDP0aNDP 

NDPM1.NDP0-1 
NNPO.NNP 

NNPmlaNNP0-1 
C DETERMINES THE NEAREST NNP POINTS. 

2n DO 29 IP1.1.NDPO 
XI.XD(IP1) 
YlRYDIIP1I 
J1mX+IPI*NNPO 
J1MW.J1MX-NNPM1 
DO 28 JI•J1mN.J1mx 

J2MX.JI-1 
IDmN=0 
DO 27 1P2a1•NDPO 

IFI IP2.E0.1P1I GO TO 27 
IEIJ1.GT.J1MNI GO TO 27 

21 DSOlaIXDI IP2/-7X11 1'1124-(YDIIP2)-Y1/**2 
IPT(1P2I.IDS01 
GO TO 23 

72 IDs0)=IPTIIP21 
23 IF(IDMN.E0.01 GO TO 24 

IFIDSOI.GE.DSomN) Go Tn 77 
24 IFIJImN.GT.J2mx1 GO To 76 

DO 25 J7=J1mN.J2mX 
IF(1P2.E0.1PN(J2)) Gn 1'6 27 

75 CONTINUE 
26 DS0mNNDS01 

IDmNaIP2 
27 CONTINUE 

IPN 1.(11-1DmN 
?A CONTINUE 
29 CONTINUE 

C LISTS ALL THE POSSIBLE LINE SEGMENTS IN THE IPL ARRAY, C CALCULATES THE SQUARES OF 1HE LINE SEGMENT LENGTHS, AND STORE C THEN IN THE !PI ARRAY. 
30 10'0 

DO 32 1P1.10,100 m1 

35 

I" '1 12 

01 11 

1(0,1 Ol4 

1(140

)Gm 016 
Inm 017 
Inm OIA 
!um 0" 

IGM U70 

n2I 
II," 077 
!GM UZ3 
IGM 074 
IGm 075 
Ir.m 026 
tr,m 077 
1,-,m 02A 
I(,ki 029 

1('M 030 
IGM 031 
!Gm 03? 
!Gm 031 
1nm ol4 
'Gm n35 
TGm /136 
16m 037 
I6m 01A 
iGm 09 

(140 
IGm 041 

042 
'Gm 041 
InM 044 
!GM n45 
!Gm 046 
IGM 047 
I6M 048 
I6M 049 
I6M 050 
IGM 051 
IC.?' 057 
!Gm 053 
!Gm 054 
IGm 055 
!Gm 056 
IGm 057 
1Gm 058 
IGm 059 
¡Gm 060 
!Gm neo,

4Gm 067 
I6m 061 
(Gm 064 
IGm 065 
IGm 066 
Inm 067 

16" of01 
!Gm 070 
I6M 07) 
I6M 07? 
IGm 073 
I6M 074 
I6M 075 
Ir,0.4 076 
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Yl=rnf tnI ) 
IP1131=In1•1 
DO 11 In2.In1nl.NOnO 

1(." 

ICU 
1,00 

1' 77 

n,p 

()IQ 

IL.IL41 
ILT2-1L+IL 

11-1V ORO 

In1.( 1( 72-1 ).1n1 
7CM (U 

InLI II T2) .1n2 
IC Op? 

up3 
OS01..-(xD1 )P2)-x))..?.(vp( 

!PT(H ),IDS^1 
16m OR!. 

11 coNTINur 
Iry npc, 

12 CONTANuF 
Iry

1(m nu, 
NLO.IL 

C SORTS THE WE_ AND IN' ARRAY! IN ASCENDING ORDER OF THE LINE 

!nu 

I6m 
rimi, 
*)PO 

C SFGmENT EFNGTH (DrsTANrr). 
15 NLm1zti1n-1 

fr,m 

IC 
no0 

°°lDO 37 1L1.- 1 ,N1m1 I6m 007 
IDS01aInTI IL1 1 IGm 061 
ILm.IL1 16A, 094 
OSOm=DS01 

IGm 09s 
IL2mN.I1 1+1 IGm 096 
DO 16 IL2=1).7mN.NLO I6m 097 

IPSO?-InTI IL21 !Gm 094 
IFIDso2AGE.DSom1 Go To 36 !Gm 009 
ILm=11.2 
DSOmmDS02 

36 CONTINUE 

I6M 

!Gm 
!Gm 

100 
lui 

102 
InT( ILm),IDS01 16m 101 
InTI ILI )-IDSOm !Gm 104 
IL112.1L1+1L1 
ILmT2=1Lm+ILm 
ITS.IPLI IL172-11 

I6m 
mm 

I6m 

Ins 

106 
107 

IPIAILIT2-1 ).1PLI ILmT2-11 
IPL( ILmT2-11.17s 
ITS*InE1 IL1T21 
IPL1 IL172)-1131_ 1 1Lm12/ 
IPLI ILmT2/mITS 

37 CONTINUE 

I6M 
'PM 
!Gm 
I6M 

16m 

108 
109 
110 
111 

112 

C ELIMINATES LINE SEGMENTS THAT CROSS OR LIE 
4n 1L0-1 

OVER SHORTER ONE. 
I6m 
16M 

11 1
114 

DO 46 IL1=2.NLn 
ILIT2-1L1+IL1 
IP1=InLI IL172-11 
1P2.1nLI IL1T21 

16M 
1Gm 
!Gm 
!Gm 

115 
116 
117 
118 

xl.x13( 1131) 
IGM 119 

x2.xD( 1132) 
iGm 120 

vl-rnfin11 
I6m 121 

Y2-YD( 11,2) 
1G" 127 

0x21.)(2-x1 
16m 121 

DY2laY2-Y1 10m 124 

DO 45 IL2.1.1E0 
1E272.1E2+1E2 
In3-1REC IL212-1 ) 
1R4sIRLAIL2721 
x3=xol iP31 
X4-xo(11341 

Alk•-• 

IGM 
I6m 
I6M 
!Gm 
IGM 

I6M 

125 
126 
127 

126 
129 

130 

Y3-Yo1 11,31 I6M 111 

r4-Yot1E,41 
!GM 132 

Dx43-x4-X3 
16m 131' 

Dx42-x4-X2 
!GM 134 

Dx41.x4-xl 
I6m )35 

0X3?-X3-X2 
DX31-x3-xl 

16 M

I6m 
116 
117 

0Y43-Y4-Y3 
1GM 138 

OVA?. Y4-Y? 
!Gm 119 

DY41=Y4-Y1 
1Gm 140 
16m 141 
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• 

41 

42 

43 

44 

1 

nY12=Y1-Y2 
nY31=y1-Y1 

IE( IP1.61E.IP1) GO 10 41 
IFIDY41 110x21-Ox411110Y21.NE.O.n1 GO To 4= 
JEIDX41*DX21+DY41.1DY21 1 44,45,46 
IF( 1P4.NE.IP1) Go TO 47 
1F(DY11*DX21-0X11 010Y21.NE:0.01 
IFIDx11•Ox21.0Y11,0Y21 1 
IF 1 1171.NE.IP21 GO TO 43 
IFIDy42*Dx2I-Ox42.0Y21.NE.o.n1 Gn To 4= 
IF(DX420DX214-0Y424,DY211 4( •45.45 
IFI IP4.NE.IP21 GO TO 44 
IF 1 11Y32*DX21-0X32•DY21•NE.0.0/ GO TO 45 
IFIDX32•0x?1+0Y12410Y211 46,45.45 
IF((nY3I*Dx2I-Dx31*nY21 )*(nr4iiinx21-nx41•ny21 ).(v.o.o; 

GO Tn 
IF( IDY31*Dx43-Dx31,0Y411*(DY3?*nx43-DX1711DY41).LT.0.01 

GO In 4= 
45 CONTINUE 

IL0 =1L04.1 
iLnT2=1Ln+to) 
/PLI ILOT2-11=1R1 
IPLI ILOT21 =IP? 

46 CONTINUE 
NLO=ILO 

GO TO 45 
45,4g,o61. 

C RE-SORTS THE IPL ARRAY IN ASCENDING OROFR OF ITS ELEMENTS. 
%() N1T2=NLn+vio 

NLM1T28NI12-2 
00 54 I1I12=2.NLm1T2.? 
10472=111T? 
IPm1=1P1 1 11 ,412-1 1 
1 0 m2=IP1(ILmT2) 

1L2T2M=IL1T2+2 
DO 53 1L2T2a1L2T2M,NLT2.2 

1P21=IPLAIL2T2-11 
IP22=1F11.111212/ 
1F(IPM1-1P21/ 51'51052 

51 IF(IPM2-11722) 53,53.52 
52 ILMT70I1212 

1 13m1=1/321 
1 1)142.11'22 

53 CONTIMUF 
IPIAILMT2- 1 1 =IPL(11117-1) 
IPLI ILmT2/ =IPL( 111T2) 
IPLAILIT2-1 1=IPM1 
1P11 11112) =IPm2 

54 CONTINUE 
C DETERMINES TRIANGLES. 

60 11=0 
NLm1=N10-1 

NLm2=NLA-2 
DO 67 I11=1 11NLM2 

11_11 2.IL1+111 
1P1.1RL1 1111.2-1/ 
1P2=IPLAILI12) 
ILIPI=IL1+1 
DO 64 I12=11.1 171.1'Lml 

11212=112+11_2 
IF 1 IRLI IL2T2-11.NE.IP11 GO In 47 
1P1=IPLI IL2T21 
1L201=IL2+1 
nn 62 IL1=1L7P19NLO 

IL1T2=1L14-II1 
IF( IPLI IL3T7-1) 1P2) 62,61,66 

61 IF( IPL( IL3721 -11'3) 42.61,6,. 

37 

110/ 
I (,t,

16" 

IG" 

IGM 

tfim 

16m 
!Gm 
16m 
!Gm 
IGm 

In" 
1rIM 

I6m 
16m 
16m 
16m 

fr,M 
V",m 

16V 
IOM 
ION 

16m 
1600
(Gm 
IG54
IGm 

In" 
IGm 
!Gm 
IGm 
IGm 
IGm 
!Gm 
IGM 
Inm 
IGm 
!Om 
1nm 
IGm 

!Gm 

Inm 
IGM 
'Gm 

IGm 
frIM 
TAM 
!Gm 
IGm 

'Gm 
16m 
!Gm 
I6m 
!Gm 
!Gm 

!Gm 
IGm 
Inm 
1GM 
IGM 
IGN 

142 
141 
144 
14= 
146 
14, 
14A 

149 
1 50 
1=1 
152 
1=1 

154 
1=5 
156 
157 
158 

1 59 
140 

161 
162 
161 

164 
165 

166 
)67 
1611 
)69 
170 

171 

17? 
171" 

174 
175 
176 

177 
178 
179 
180 
IRI 
18? 
181 
184 
185 

1116 
187 
188 
149 
190 r 
191 
10? 
1'43 
101. 

195 
106 
107 
198 
199 

200 

201 
202 
201 

204 
205 
706 
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62 CONTINUE 
Go in 66 

63 IPTI=IP1 
IPT7.1P2 
IPT1=1P3 

1 

ITS=IPT7 
jiDT?:IP11 
1PT3zITS 

64 XI.XD(IPT)) 
X710(0( IP12) 
X3=XD1 1 1513) 
Y1=YDI IPT1 ) 
Y74YO(TPT2) 
Y3mYOC IPT31 

OX37.X3-X7 
DX71=X7-X1 
DX11.X1-X3 

DY37.Y1-Y7 
DY71.Y2-Y1 
DY11=Y1-Y3 

IFI IYO(IP13)-YDI IP 1 Ww1XO(IPT71-XD(IPT)1 1-
(XW IPT3)-XDI IP 1 1 ))*(YO 1 1P12)-YDI IPTI )1.61 .0.0) 

7 Gn TO 64 

DO 65 1P0=1,NDPO 
IF(IP0.EO.IPT1.0R.IPO.VO.In12.^P.IP0.FO.IPT ) 

1 Gn TO 
xnrxo(IPo) 
YosYD(IPO) 
IF( tY0-Y1)*Ox?1-(x0-x1)410 .21.LT.o.0) Go To 65 
IFI(Yo-y2)*ox34,-(X0-X2)*OY32.LT.0.0) GO TO 65 
IFAIYO-Y3mX13 -(X0-x3)*("011.61-.0.0) GO TO 66 

65 CONTINUE 
17=17+1 
ITT3=IT*3 
ipT(ITT3-2)=IPTI 
IPT( ITT3-11=IPT7 
IPTIITT3/ .InT1 

66 CONTINUE 
67 CONTINUE 

NTn=7T 
NT=NTO 

C SELECTS AND SORTS LINE SEGMENTS THAT FOPm THE RORDFR. 
70 ILo-o 

DO 75 IL1.)•N10 
ILIT2=111+Ill 
1P1=IPL(11172-1) 
11,2-1PL(TL)T7) 
xl=xD( 1P1) 
Y1=YD( IPI) 
x2.xD(1P2) 
Y2.YD( 11,7 1
DX210(7-X1 
0721.72-Y1 
DO 71 1P0..),ND00 

IF(IPfl.E0.1P1.0R.100.E0.102/ C '07) 
S. IY0(1P0 )-71)•DX21-IXDI IP0)-X!).L.Y21 
IF(S.NF.0.0) GO TO 72 

71 CONTINUE 
72 1PomN2100+1 

DO 73 IPD=IROmN.ND00 
IF(IPO.E0.1P1.0R.IPO.E0.IP?) GO TO 71 
IF I WIT(IP0)-Y 1),DX21-(XD( IP0)-X))+DY21), S.LT.0.°) 

1 co TO 
73 CONTINUE 
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fr.M 2q, 7 

I6M 70P 

7 81') 

( ? 

(rr 2771113:7 

;11:, 
16u 716 
I6m 717 

!Gm 710 
I6m 719 
16m 77n 
!Gm 221 
I60 227 

7272: 
IGm 775 
IGM 226 
16m 227 
i6M 22R 
IGM 229 

41 ; 737 
I6m 737 
IGm 711 
IGM 214 
IGM 235 
IGM 236 
IGM 237 
I6m 238 

11,M 240 
Ir,PA 741 
IGM 74 
I6m 241 
!Gm 244 
I6m 245 

:2:: ;11 
I6M 248 
16m 749 

IGM 750 
!Gm 751 
!Gm ?57 
I6m 751 
I6m 754 
I6m 755 
IGM 256 
IGm 757 
IGM 25'8 . 

;CC ;6)5(9
1GM 261 
!GM 262 
rnm 263 
16m 264 

;:: 
!Gm 267 
IGM 268 
IGM 269 
16m 270 
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81 CONTINUF 
67 IPICILT3--21.1P11 

IPL(111.3-1/.1PL2 
IPL(ItT3) 4.11.

83 CONTINUE 
RETURN 
END 

(LO. 110.1 
IL012=110+ILO 
IFIS.LT.n.D) Gn Tn 74 

!Gm .771 
lo" 777 

IPI /110T2I mIP2 

IGm 271 
ir,m 774 

GO Tn 75 
74 IPLAILO12-1/=IP/ 

Inm 77c, 
inm 776 

IPLI1LO121 .1P1 16m 277 
75 CONTINUE (GM 27p 

NL0.110 Ir,'. 279 
NLM1.NLO-1 IGm 280 
DO 79 IL1.2,NLMI IGm 281 

IGm 282 
1P2.1PL(IllT2-21 IC," 283 
IFI IPL(ILIT2-1).E0.1P7I 
IL1p1.1L1+1 

GD To 70 (Gm 784 
!Gm 785 

DO 77 11.2.111P10110 IGm 286 
II2T2.1L2+IL2 I6m 287 
IF(IPL( 112T2-1I.E0.1P2) 

77 CONTINUE 
GO To 78 (GM 288 

(GM 280 
78 ipi.ipLI ILIT7-1) 

jp2.19L( ILIT2) 
16m 290 
!Gm 701 

IPL(ILIT2-1)=IDL(IL/T2-1) MY 702 
IPL(ILIT?) =IPL( IL7T1) (Gm 701 
IBI (lL2T1-1 I=1P1 !Gm 704 
IPLIIL17?) .IP2 16m 195 

79 CONTINUE IGm 796 
NL.NLO 16m 207 

C FINDS OUT TRIANGLES CORRESPONDING 
C SEGMENTS. 

TO THE. BORDER LINE 
16m 208 
!GM 299 

8n NLP1=mL0.1 
DO 83 ICR.1,NIO 

!Gm 300 
ic,m 101 

IL.N1P1-IIR 
ILT2.114IL 

IPL1.1PLI ILT2-1) 
IPL2.1PLAILT21 
DO 81 IT.leNTO 

1113.11.3 

10T1.IPTIITT3-7I 
IPT?..IPT(ITT3-1) 
IPT341RT(11-1.1) 
IFI IPL1.NE•IPT1.ANO.IP

il.NE.IPT2•AND.IPil.NE.IPT31 
GO TO 81 

1 1E(IPL2.E0.1PT1.0R.IPL7.E0•IPT7e0R.IPLI2eFO•IPT3/ 
GO TO 82 

SUBROUTINE 
IDLCTN(XDPVO,IPT.IPLeXII,Y11,(T1) C THIS SUBROUTINE LOCATES A POINT, I.F., DETERMINES WHAT C TRIANGLE A .G1VEN POINT (XII.T11) BELONGS TO. WHEN THE GIVEN C POINT DOES NOT LIE INSIDE THE DATA AREA, THIS SUBROUTINE C DETERMINES THE BORDER LINE SEGMENT IN THE ARFA ABOVE WHICH THE C POINT LIES. OR TWO BORDER LINE SEGMENTS BETWEEN TWO AREAS AAnVF WHICH THE POINT LIES. 

C THE INPUT PARAMETERS ARE 

39 

1Gm 101 
fr,m 1n1 
Inv 104 
!Gm 105 
'GM 306 
1Gm 307 
(GM 308 
!Gm 309 
I6m 110 
!Gm '211 
IGm 317 
IGM 313 
!Gm 314 
(GM 315 
(GM 116 
Inm 117 
1Gm 318 
1Gm 319 
IGM 370 
'/GM321 
IGM 322 
!Gm 311 

IL( 001 
ILC 002 
ILC 003 

ILC 004 
(IC 00S 
/Lc 006 
TIC nnT 
Ilc 008 



• 'Mom = /PRAY, THF Y AND Y cnnRniNAfr;. 
OF DATA POINTS. 

• !PT ... ARRAY STORING THE POINT NUmPFPS Or TH! Vf-PTTYFS 
or THE TRIANGtrS. 

• IPL . ARRAY STORING THE POINT NUmBFPS rr THf UNI' 
C POINTS OF THE HORDFR LIVE STGPFNTS ANT THFIP c PESPECTIVF TRIANGLE NOHREPS. 
C KI I .Y1 1 = x AND Y COORDINATES. RP-J").. oF 

INTraPniArrn norm!. 
• THE OUTPUT PARAmFY FR IS 
C iTI = TRIANGLE NUMBER, WHEN THE POINT IS INSIOF THF 

DATA ARFA, rip 
c TWO BORDER LINL SEGMENT NUm9FRS, ILI AND 112. C CODED TO 1110 INT+NLI+11.2, WHEN THE POINT IS 

OUTSIDE THE DATA ARFA. wHFPF NT IS THE NUm8fR OF 
TRIANGLES AND NL. THAT OF BORDER LINF SECAFNIS. 

C DFCLARATIOM STATFmFNTS 
DIMENSION xn(Inwm(lo!,IPTilon).!PL(10n) 
commoN/InnmiNDP,NND.NT,NL 
DATA NTPV/0/041PV/n/ 

C PRELIMINARY PROCESSING 
In NTOuNT 

NLO.AIL 

NTL*NTO+NLO 
X0=XII 
YouYII 

C CHECK IF TN THE SA mF TRIAmGLF AS T,PEvIrms 
70 IF(NTn.NF.NTPV) 60 TO 15 

IFINLO.NF.NLPVI GO TO 15 
110=ITIPv 
1F(Fin.r.7.Nrn) (.010 75 
17071=linel 

1P2wInT(IT073-1I 
1113=TP7(t7nTi) 
xlcXD( 1011 
x2=X0( 1O2) 
xl=x0( 1n1) 
YlcYD( 1n1) 
Y2.YD( IP2) 
Y3=YD(IP11 
IFITYn- Y1)01 X2-x11-(X0-X1)*(Y2-Y]» 50.21.21 

21 IF(IYO-Y2)4F( X3-X7)-(X0-X2)*(13-12/) 50.22.22 
22 1F(170-,(1)*(x1- x3)-(x0-X3)*(y1-731 ) 50.80,80 

C CHECK IF ON IHF SAmf noRDrP. LINE SFGmFNT 
25 IL1=ITO/NTL 

112=ITO-1110N1L 
11113=11103 
IP101P1(11113-7) 
1P2-!PI( 11111-1) 
XJ.)101 11311 
X7.XD( 1P7) 
yl=r)(10)) 
Y2=YD!!p2! 
0X02=x0-x2 
1:10702-YO-Y2 
DX21=X2-XI 

DY2I=Y2-Y1 
C50221=0 X0241DX21+010241DY21 
IF(117.NE.111) GOTO In 
IFICS07211 26.26.50 

76 DX01=X0-X1 
DY01=Y0-•Y1 
IF(DYn10DX21-DX010DY21) 27127.50 

27 IFIDX010DX214DY01 11DY211 50180.80 

40 

TI 
IL 

rrr 

III el? 
l(r 01 1

III 

0)111 1:TIC 
TIC 
ILl 

n11) ILl 
TI C 020 
ILC 071 
!IC 077 
ILC 

(017: 
ILc O C.

III 
"6 TIC 077 

1LC 020
1Lc 029 
ILC rv.:7 TIC o
ILC 012 
TLC 011 
ILC 014 
ILC n15 
ILC 016 
TIC 017 
TIC 038 
ILl (1 9 

tIC 04 
ILC 047 
ILC 041 
TLC 044 
TLC 145 
TIC 046 
ILC 047 
ILC n4A 
1Lr 04O 
!Lc 050 
TLC 0!.1 
TIC 052 
!Lc 053 
ILC 054 
!Lr 055 
ILC 056 
ILC 0c7 

ILC 059 
ILC bi0 
TIC 
TLC (T2 
ILC 061 
TLC 064 
ILC 065' 
TLC 066 
ILC 067 
TLC n6R 
ILC 069 
TLC 070 
TLC 071 
TLC 077 
ILC 073 
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41 

11 

11 
11 
11 
11 
11 

11 
11 
11 
11 

11 
11 
11 

11 

C CHICK IF RETwFEN THE SAVE Twn plionFR 1 INF SFruFNif, 10 1F(CS0221 1 50.11 .11 
31 IL2T3.1174.1 

193. IDL( 112T1-1 ) 
Xl.x0( ID1) 

ri.rnlInl! 
Dx32•X3-X2 
nr32=Y1-r2 

IF(Dx02o0X32+0Y0711DY32/ SO.A0.50 C WHEN CALLED WITH A NEw SET OF NT AND NI. 15 
NTpv..mTn 
NL9V=Nln 
ITIPV=n 

C L0CATIoN INSIDE THE DATA ARFA 
IToT3•0 
00 69 ITOA1.NTO 

ITOT3=ITOT3+3 
IFI ITn.E0.1TipV! GO TO 69 
IP1=10TIIT011-2, 
IP2=IDT(11073-1) 
1 P3.1PTI ITOT3I 
x1=XD( 101 ) 

X2AxD(H,7) 
X3mxD1 1011 
IFIXO-X1 1 53'55.51 51 IFIx0-x21 55.55.57 

52 IF(X0-X1I 55.5,,69 
53 IFIXO-X21 54,55.55 
54 IFAX0-x3) 69.55.55 
55 y1=Y0(1P1) 

Y2=YD(192) 
Y1.0(0(11111 
IFIY0-Y1 1 çA.6o,5& 

56 IF(YO-Y21 60.60.57 
57 IF(YO-Y1I A0.60.69 
58 IFIYO-Y21 59.60.60 
59 IFIYn-Y11 69.60.60 
60 IFI CY0-)114,1X2-x1 1-1X0-X1 1*(Y2-,(1) 1 69.61,61 61 IEl

(Yn-v2),(X3-X2)-txn-x2141(Y3-Y71 1 69.62.62 62 1E( IY0-Y3/ 41( X1-X3I-(X0-X3)*(Y1-Y31 9.80.80 69 CONTINUE 
C LOCATION OUTSIDE THE DATA AREA 

70 NLOT1=NL0fil 
IPI. IRLINLDT1-21 
IP7=IPL(NLOT3-1/ 
x1.Xn(1,71) 
Y1.7DI IN! 
X2-XD( 1P21 
Y2AvD1 11:321 
DX02.0(0-X7 
0 1'02.1'0-Y2 
DX21=X2-X1 
DY21=Y2-Y1 

CS0221.0X02*DX21+0Y02*DY21 
DO 74 ILn.l.Nin 
xl.x2 
Y1.72 
nxni.nxn2 
0701.0Y02 
IP2.1131. 1 3*IL0-11 
X2=XD( IP2/ 
Y2.01'0( 192) 
nxn2-xn-x2 

DYn2-Y0-72 

41 

H r 74
It r 

^ 71, 

LL ' " -
Ii ' '110 

II r 

h r 0A0 

H ()Ai 
r OP? 

It C On' 

Ii r  084 
IL Cnp5 
It C nrif„ 
TIC
h r ^PP 
!LC opq 
H C 090 

II (- ntn 

It C 012 
RC 001 
LI C nn4 
IL 
1LC 

ILC 
ILC 
ILC 

nor. 
006 
no7 

DR9 
100 

11( 101 
ILC 102 
ILC 101 
!Lr 104 
II( inc 
Tic 106 
1LC 107 
ILC 10A 
n_r 109 
!Lc 110 
ILC 11 1 
IL r 112 
ILC 113 
ILC 114 
ILC 115 
11C 116 
ILC 117 
ILC 118 
ILC 119 
ILC 170 
ILC 121 
ILC 122 

- ILC 121 
ILf 174 
1LC 125 
ILC 126 
ILC 127 
ILC 120
ILC 129 
TLC 130 
ILC 131 
ILC 132 
ILC 133 
ILC 134 
ILC 135 
ILC 136 
ILC 117 

• 



S 
41 
11 
11 
11 
11 
11 
11 
11 
11 
11 
11 
10 
11 
11 
11 
111 
11 
11 
11 
11 

11 
111 
11 
11 
11 
11 
11 
11 
• 
• 
• 

Dx21.x2-x1 
DY21=Y2-Y1 
CSPV=CS0221 
CS0221.Dx0241Dx21•DYn241DY21 
IF(Psn221 / 71.71.74 

71 IFIDxn1,Dx21+DY01 11DY21 ) 
72 IFIDYn1•Dx2I-Dx011DY211 

73 IFICSI7v) 74.74.75 
74 CoNTImuE 

ILD=1 
75 IT0=1Ln-1 

IF1 11n.E0.0/ ITO=NLO 
GO TO 77 

76 110 1L0 
77 110=110•NTL+IL0 

C NORMAL EXIT 
Rn 111=170 

ITIPV.1Tn 
RETURN 
END 

73.72.7? 
76,76.74 

SUBROUTINE IDPFIRv(xD.yD,O.IpN.pD) 

C THIS SUBROUTINE ESTIMATES PART IAL DFRivAT1v1 OF THE FIRST AND 
C SECOND ORDER AT THE DATA POINTS. 

C THE INPUT PARAmETERS ARE 
C XDsYD,ZD = ARRAYS STORING THE x. Y. ANO Z COORDINATES. 

C RESP., OF DATA POINTS, 

C 1PN ARRAY STORING THF POINT NomPERÇ OF NNP DATA 

POINTS NFAREST TO EACH OF THU DATA POINTS. 
( WHERE NNP IS THE NUmBER Or DATA POINTS USED FOR FSTImATION 
C OF PARTIAL DERIVATIVES AT EACH DATA POINT. NNP IS GIVEN 
C THROUGH THE 1DGm COmmnN. 
( THE OUTPUT PARAMETER IS 
C pp . ARRAY CF DImENSIoN 5, NDP. WHERE THE 

C ZX, ZY, ZXX, ZXY, AND ZYY VALUES AT 

C POINTS ARE TO BE DISPLAyFD.,
C wHLRE MOP IS THE TOTAL NUMBER OF DATA POINTS. NDP IS GIVEN 
C THROUGH THE IDGm COMMON. 

C DECLARATION STATEMENTS 
DIMENSION xD(10).YD(101.2D110),IPN(10n).pn(50) 
COMmON/IDGm/NDP.NNP.NT.NL 
REAL NMX,NMY,NMZ,NMXX,NMXY,NmYX0NNYY 

C PRELIMINARY PROCESSINr, 
in NDPO=NDP 

NNPO.NNP 
NNPMI=NNP0-1 

C ESTIMATION OF ZX AND ZY 

70 JPD0.-5 
JIPNO.-NNPO 
DO 24 1110=1.NDP0 

JPOn.JpOn+5 
x0=x0( IP0) 
YO=YD1 IP0 1
ZO.ZDI TPO! 
NMX.0.0 
Nmr.0.0 
NM7.0.0 
jIRNn.j1PNO.NNRO 

DO 23 TN1=1.NNRM) 
JIPN-JIPN0+1N1 
IPI.IPNIJIPN/ 
DX1=XDIP1 1-X0 
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42 

ESTIMATED 
THr DA1A 

ILC 
NC 1 10
ILC 140 
ILC 14 1
ILC 142 
ILC 141 
ILC 144 
!Lc 14' 
ILC 146 
IL( 147 
ILC 14H 
ILC 140 
11.( 150 
ILC 151 
TLC 152 
ILC 1 51
IL( Ice 
ILC 1 55
ILr 1 56 
ILC 1 57

IPD 
IPD 
IPD 
TPD 
IPD 
1PD 
TPD 
IPD 
IPD 
1PD 
IPD 
'Po 
IPD 
IPD 
IPD 
IPD 
IPD 
IPD 
IPD 
IPD 

1PD 
!Pp 
IPD 
IpD 
IPD 
IPD 
IPD 
IPD 
IpD 
IPD 
1PD 
IPD 
IPD 
IPD 
1PD 
!PD 
1PD 
IPD 
1PD 
fPn 
IPD 

1 

001 
002 
001 
004 
005 
006 
no, 
()PR 
009 
010 

011 
P12 
011 
014 

015 
016 
017 
Ols 
019 
020 

021 
022 
071 
074 
025 
026 
027 
-028' 
02q 
010 
011 

032 
013 - 
034 
035 
016 
017 
03s 
019 
040 
041 
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OYI.YDI IPI I-Y0 
DZ1.10( 1P1 )-ZO 

IN2PAN.IN1.) 
DO 2? IN2.1WPAN.NINDO 

JIPN•JIPNn+IN, 
1Pi•IPNIJIPN) 
0 X201D( 101 1-X0 
Dm7=YD( IPT)-vn 
DZ7.2D( IPI I-2n 
DNmX•DY1 41DZ7-DZI'DY? 
ONmr•DI1 41DX2-Dx1 4,D22 
DNI0Z. DX1 4,DY2-DY141DX2 
IFIONPAZ.nF.n.n) Tn 21 
ommy.-nNmx 

DNvY.-DNmY 
DNP42.-DNm2 

71 Nmx=mmx+oNmx 
ANY.Nmv+nnimy 

Nm7.Nm2+nkim7 
22 CONTINUE 
73 CONTINUE 

PD 1 JP1)0+1 )=-N1X/NmZ 
PDIJP00+2/=-Nmm/NmZ 

74 CONTINUE 
C ESTIMATION OF ZXX, /XV, AND ZYY 

ln JPD0.-5 
JIPNn=-NNPn 
DO 34 111021.NDPO 

JODO.JPDO+'s 
x0=X0( 100) 
YO.rot IP0) 

Zxn.PD(J000+I ) 
ZY0=PD1J1100+21 
Nmxx.n.n 
Nmxr.n.n 
NmYX.n.n 
NMYYmnol 
NM? .n.o 
J 1PNomJIPN0+NNPO 
DO 33 IN1.1.NNpm1 

JIPN.J1PNO+INI 
101.10N(J1PN) 
DX1=XD( 1P1)-X0 
DY1.YD(IP1/-Y0 

JPD=S41(101-11 

D2X1=00(UPD+1)-2X0 
DZYI. PDIJPD+21-LTO 
IN2mN=INI.1 
DO 32 IN21.1N2MNOINPO 

JTPN.J1PN04.1N7 
1P1.1PN(JIPN) 
DX2=X0( 10 1)-X0 
DY2.YD(101)-Tn 
jp1)..4*(!pl-11 
D2x2=00IJPD+11-7X0 
DZY2.PD(JPD+21-7Yn 
DNmxx-DYI*D2x7-D2x111-DT7 
DNFAXY=D2X1+DX1-DX1*DZX2 
DNmYX.DYI. DZY2-DZY)*DY2 
DNMYY.DZY1,10X2-0X1*DZY2 
DNPAZ . 0XliaDY2 -DY1*DX2 
IFIDNMZ.4F.0.01 GO To 31 
nNmxx.-DNmxX 
DNuXY.-DNmXY 

43 

002 
091 
094 
00S 
046 
047 
09A 
099 

IPD 100 
IPD 101 
IPD 102 
101) 101 
IPD 1n4 
101) 105 

jpi, n4; 
100 C41 
Inn 044 

Ion Pits 
IPn 047 
IPD n4P 

;rg fr1):

c)

n 
IPD 
IPD 05? 
lop 

10r, ^54 
!On ne,.. 

If FP:rfl fn): 

IN) Oco 

IPD 061 
IPD 062 
/PD 
IPD 064 
100 n65 
IDo Ofs6 

(67 
-1, f 

1Pn n6n 
11'D 07i 
700 07] 
IPD 072 

g772 
IPD 075 
IPD 076 
IPD 077 
Ion 078 
lop 079 
IPD 080 
IPD 081 
1011 
IPD g R8'71 
IPD 084 
1PD 085 
IPD 086 
IPD 087 

11;: g:: 1 
IpD no0 • 
100 nnl 
1PD 
IPD 
IPD 
100 

IPD 
101) 

fon 

• 



ON"Yx=-ONmYx 
ONmyy=-0w..y., Im 1 

DNmI =-DN,01 
tor 1 

Nmxx=Nmxx+DNmxx 
Nm XYgNmXY.ONmXY 

IPo 
!or+ 

I' 4 

NmYx=NmYx4oNmYx 
1Pn 11 '1

NmYY=NmYy+nNmyy ipn 11 1 

Nm7. =NmZ +oNm2 IPO 11? 

12 CONTINUE 1110 11 ,

13 CONTINUE IPO 11h 

POIJPOn+1)._..1..xy/mm7 Inn 
Inn 

11' 

RDIJP004.4 1 =-INMXY4WAYA1/12.n*Nmz1 
PDIJPOn.51=-NmYy/NMZ IRD 11 '

14 CONTTNUF 101) 11P 

RETURN (Pr) 119

END IOU 120 
(PD 121 

c 

C 
C 

SUBROUTINE 
IDPTIPIXo.Yn.Zn.IP1,IPL.Pon.III.X11.YI 1 ,71 1 ) THIS SUBROUTINE PERFORMS PUNCTUAL INTERPOLATICN of+ Ex1RAPO-

LATION. I.E., DETERmINFS THE I VALUE AT A POINT. 
THE INPUT PARAmETros APE 

!pi 
'PI 

WI 

001 
002 
001 

C 
XD.YD.ZO = ARRAYS STORING THE X. Y. AND 1 COORDINATES. 

RESP.. OF )ATA POINTS. 

IPI 

!RI 

006 
OW, 

c IPT ARRAY (PI OU. 

C 
= STORING THE POINT NUMBERS OF THE VERTEXES 

OF THE TRIANGLES, IPI 007

C 

C 
IPL = ARRAY STORING THE POINT NONSERS OF THE ENO 

IPI 

!PI 

nOB 
009 

C 
POINTS OF THE BORDER LINE !,,FAMENTS ANO THEIR 
RESPECTIVE TRIANGLE NUmBERS. 

IPI 010 

C 
C 

POD = ARRAY STORING THE PARTIAL PFRIVATIVrS AT THE 
DATA POINTS, 

101 

101 
0 1 1 
01? 

C 
C 

IT) = TRIANGLE NUmHER OF 1HE TRIANGLE IN WHICH 
THE INTERPOLATED POINT LIES. 

!Pi 
IPI 

01,

014 

C XII.YII = x ANO Y COORDINATES, PESP., rir 
INTEPPOIATED P0p4T. 

!PI 

IPI 

Op 

016 

C THE OuTPUT PARAMETER IS 101 D1T 

C ZII = INTFRPOLATEn I VALUE. 
IPI 010 

C DECLARATION STATEMENTS 
IR! 019 

DIMENSION XD(10).YD(10).7O()0),IPTI1001.1P1 I1001.PoO(50) 
COMMON/IDGM/NDP.NNP.NT.NL 

IPI 

!PI 
070 

021 

COMMON/IDPI/NCE.ICE IPI 022 

DIMENSION CE0127) IPI 021 

EOUIVALENCE IX0,CF0(1)1. .(YO.CF0(2)). IAP.cF0(1)1= 
101 

IPI 

024 

(BP .cFn f 4 ) ). (CT, .CFnI s 1 I. oP.ern (6 ) ) 
2 (P00.rF0171). IPI0.CEM8)1. IP2O.CFOIQI I, 3 I030.CF0(101 1 . 1 P40.Cf0(11 ) 1.IP50.EF.01121 1. 4 (POI.CE0(13)).(P1).0-nt14 1 1.IP21.CFOI15)). 5 (P31.cF0116)1. 1 P41.crn(17)1.(1,02,CF0(181). 6 IP12,CF01191 ) +IP22.(E0(201).W17.CF0121)). 7 (1303.cF01221 ).(P11.(F0121 1 ).44,23.CE0(24)1. 8 Ip04,cF0125 1 1.(P14.(E0(26)).(p05.CF0(27)1 
DIMENSION CF(g80) 

101 026 
101 027 

WI 028 
!PT 029 
¡PI 030 
UPI 01) 
ipr 032 
IPI 033 

DIMENSION XI n . y( 3).2(3).PDI15). 
IPI 034 

1 ZU(31.2V(3).1001 31.ZUV131.2VVI11 
EOUIVALFNCF 

(PI 
101 

0 35 
036 

REAL LU.Lv.LuSNUV.LVSN0v 
IPI 037 

EGUIVALENCE (ps.p05) IPI 038 

DATA NCEmxilsi IPI 019 

C SETTING OF SOME LOCAL VARIABLES. IPI 040 

In 1T0=1TI IPI 041 

Ai0=XI I 101 042 

Y10=YII IPI 041 

NTL=NT+NL 101 044 
IPI 045 
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C OETERMINES IF SIMPLE INTERPoLAl ION IS APPLICABLI . 
70 IF( ITn.LE.N1L) GO TO ln 

IL1.1TO/NTL 
11.2=1T0-IL 1oNTL 
ILIT1=11 1 413 
11271=1(24'1 
ITn=fP1( 1I 113) 
IF( II I.NF.1L2I Go To 40 

( CALCULATION OF 21 i BY SIMPLE INTERPOLATION OR FxTRAPOLATION. 
ln ASSIGN 11 TO LBL 

GO TO 5n 
31 21 1=ZIO 

RETURN 
C CALCULATION OF ZI I AS A WEIGHTED WEAN OF Two EXTRAPOLATED 
C VALUES. 

40 ASSIGN 4) TO LBL 
GO TO 5n 

41 Z11.7.10 
ITO=IPL(11211) 
ASSIGN 42 TO LBL 
GO TO 50 

42 212=210 
C CALCULATES THr wEI(;HTING COEFFICIENTS FOR EXTRAPOLATEn VALUES. 

45 IPI.,)PL( 11. 111-2) 

1P3=IPLI IL211-1 / 
X1..xD( 1P1 ) 
YI.Y0I 1P1 1 
X2=XDI IP21 
Y2=YDI IP2) 

x3..Xo( IP11 
y3=Y0( 1P11 
0X02=X10-x2 
DY02.0(In-v7 

Dx32=X3-X2 
DY32=Y3-Y2 
DX21=X2-X1 
DY2)=Y2-Y1 
w 1.10)(02•DX324-DY0 241DY321.02/(DX32•Ox32+DY3241DY32) 
W2=1 Dx0241Dx21+DY024,DY211 414,2/1DX21+DX21.0V21*DY211 

C CALCULATES ZIT AS A WEIGHTED mEAN. 
46 211..(W1 41211 4-w2•212)/(Wl+w2) 

RETURN 
C INTERNAL ROUTINE FOR PUNCTUAL INTERPOLATION. 
C CHECKS IF THE NECESSARY CEO VALUES ARE SAVED. 

Sn IFINCF.E0.01 Go TO An 
JCF.-27 
DO 51 LCE.1.NCE 
JCF=JCF+28 
FLITJ=cF(JCF1 
IF(lTn.E0.1TJ) GO TO 70 

51 CONTINUE 
C CALCULATION OF NEW CFO VALUES. 
C DETERMINES THE COEFFICIENTS FOR THE COORDINATE SYSTEM TRANS-
C FORMATION FROM THE X-Y SYSTEM 70 THE u-v SYSTFm. AND CALCU-
C LATES THE COEFFICIENTS OF THE POLYNOMIAL FOR INTERPOLATION. 
C LOADS COORDINATE AND PARTIAL DERIVATIVE VALUES AT THE 
C VERTEXES. 

6n JIPT-34,(IT0-I) 
JPD=0 
DO 62 1=1.3 

JIPT-JI0Tal 

IDP=IPT(JIPTI 
x(!).xn(lOP) 
VW-m( 1OP) 

45 

1 1' 1 
1PI 
IPI 
1P1 
IPI 
101 
IP! 
121 
IPI 
121 
IPI 
IPI 
IPI 
IPI 
IPI 
121 

IPI 
IPI 
10 1 
!PI 
IPI 
IPI 

IPI 
12 1 
1 2 1 
1 2 1 
121 
121 
121 
!PT 

IPI 
I I 
IPI 
IPI 
IPT 
IPI 

!PI 
)PI 

121 
IPI 
!PI 

IPI 
IPI 
IPI 
IPI 

IPI 
'Pt 
'PT 
IPT 
121 
!PI 
1.PT 
IPI 
IPI 
IPI 
IPI 
!PI' 
IPI 
121 
121 
IPI 
IPI 

!PI 
I 1 
IPI 

U41, 
047 

nc,7 

054 
055 

05P 

nf,0 

061 
06? 
nAl 
0‘,4 
nAc, 

OAA 
nf,7 

068 
PA C) 

070 
071 
072 

071 
074 
07 5 
n76 
277 
n7p 

(170 
ORO 

081 
082 
OP3 
084 
085 
OPA 
OP7 
RR 

08o 
090 
091 
092 
091 
294 
095 
OPA 
007 
098 
099 

100 
101 
102 
101 
104 
105 
106 
107 

108 
Ino 

110 

• 
• 
• 



11 
11 
11 
11 
11 
11 
11 
11 
11 
11 
11 
11 
11 
11 
11 
11 
11 
11 
11 
11 
11 
11 
11 
11 
O 
•11\ 

7( 1 )=701 10P1 
JPnnsç.l iDc_1 ) 

1 1 1 
!PI 1 1 ,

DO 61 xPD=1,', 12! 1 1 ,
JP0=j),(1+1 10 1 1 14 
JPOD=.030041 111! 1 1' 
PD(JPD1=PD01JP0n1 121 116 

61 CONTINUE 1 0 1 1 17 
62 CONTINUE 101 1 1P 

(DETERMINING THE COFFFIF IINTS FnR THE CnOROINATF sYslEm 121 1 19 • 
TRANSFORmATION FROm THF x- Y SYSTFm 10 THF U-v SYS1Fm IPI 170 

C AND VICE vfpsA IP) 171 
61 xn-xli? IPI 177 

Yn.Y(1 1 !PI 171 
A.x(2)-X0 !PI 174 
BoxI11-xo 121 125 
C.Y(2)-rn IPI 176 
DmY(1)-Yn IPI 177

IPI 170
IPI 179 

DLT=AD-BC 121 1 ,0 
AP. n/M I IPI 111 
BP.-B/OLT IPI 1 1? 
CP.-C/DLT 121 111 
DP. A/DLT 121 114 

C CONVERSION OF THE PARTIAL OFRIvATIVES AT THF VERTEXES OF THE IPI 115 
C TRIANGLE FOR THE U-V COORDINATE SySTFM IPI 136 

64 AA=A*A !PI 117 
ACT7.7.niA•C IPI 
CC=C*C 121 1 1° 
AB.A*E1 IPI 140 
ADBC.AD+PC !PI 141 
CD-C*0 !PI 142 
813.13*B IPI 143 
BD12.2.n*B*D IP1 144 
DD.D*D TPI 14c. 
DO 65 1=1.3 IPI 146 

JPD.5*1 IPI 147 
ZU( 1 )=A*PDIJP0-41*C*PDIJPD-11 IPI 14P 
ZV( I )=P*PDFJPD-414D*PnIJPD-11 )P1 149 
Zuu( 1 1 =AA*PDIJP0-2)+ACT2*POFJP0-1 )+cr*POIjcD) 
ZuVI 1 1 =AH*PDIJP13-7)4AoPc*p0(jP0-1 I+CD*P0(Jn01 

!PI )50 
tp! 151 

ZVv( 1 ).68*PDIJP0-2)+BDT2*PD(JPD-1 )+00*PoFjP01 1P1 15? 
65 CONTINUE IPI 153 

C CALCULATION OF THE COEFFICIENTS OF THE POLYNOMIAL 'Pi 154 
66 P00=2)1 ) IPI 155 

PIO=Zu1 1 ) 121 1 56 
Pol-ZVI1 1 IPI 157 
P20-0.5•7uu(1 ) IPI 15R 
PI).ZUV(1 ) 1P1 .1Sq 
P02-0.5*Zw/(1) IPI 1E0 
HI-Z171-Pon-P1O-P20 IPI 161 
H2.ZW2I-P10-ZUW1 1 121 16? 
H3=Zuu47)-ZuUll ! 121 161
P30- In.n*H1-4.n*H7*-c).6*H3 !PI 164 
P40.-15.0*H1+7.0*H2 -H3 IPI 165 ' 
P50. 6.0*H1-3.0*H?..-0.5.H3 IPI 166 
HI.Z)3)-pnn-P01-(102 !PI 167 
H2.7v(3)-POT-Ivv(1) 

121 16R 
H3.ZVv(1)-ZVvII) 1PI 16c) 
P03. 10.n*H1-4.n*H7+0.,,,H1 1PI 170 
PO4.-1',.0*H1+7.0*H? IPI 171 
P05. 6.n*H1-3.0*H2+0.5*H1 'PT 172 
LU.SORTFAA+CCI 10' 173 
LV.SORTIHR+DO) 
THxu.ATAN7(C.A1 

121 174 

Ipr 175 
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THUV.ATAN2(D.B)-THxu 
CSUV=COSI IHUVI 
P41=5. 01PLOICSUV/1 1PFP5n 
914=9.noLU=CSUv/IIPIP05 
H1=7v12/-Pnl-P11-1341 
H2=7uV(,)-P1 1-4.04,041 
P2)= 1.n•HI-H2 

HI=21/131-PIn-P1 1-P14 
H2=Z1JVI31-P11-4.0411P14 
P12= 3.n*HI-H2, 
P13=-2.n*H1+H2' 
THUS=ATAN2ID,-C.FI-A,-THXU 
THSV=THUV-THUS 

SNUV=SINITHUVI 
LUSNUV=LU*SNUV 
LVSNUV=LV*SNUV 
AA= 

SINITHSVI/LUSNUV 
PB= _C05(THSV//LUSNUV 
CC= SINITHUS//LVSNUV 
nD. COSII-AJSiif vSNuv 
AC=Alkorr 

AD.A4finn 

BC=8B•CC 
61 =4A.Ac.11.0, qc.,.n•Ani 
G2=CC*AC*(1.0*AD+7.n*RC1 
H1=-AA*AA*AA*(5.n*AA*4h*PS04

14.n*
0
C+AM*P41 / 1 -CC*CC*CC*(5.O*C(*DD*005+(4.0*An+nC1*P14) 

N2-0.5,2vV(21 -P02-012 
N3s0. 5.2uU13 1 -n20-P71 
P22.--(61•147+62,H1-141 )/(1.1“:?! 
P32=H2-o22 
P23=H1-P27 

C SAVES THE CFn VALUES IN THE ir ARRAY. 67 IF(NCF.LT.NCFmx) 
ICF=ICF+1 
IFI ICF.GT.NCFmx! ICE I 
JCF=284i1CF-27 
CF( JCF)=FLITO 
DO 68 vcr=1.27 

JCF=JCF+1 

CFIJCF)=CF0IKCFI 
68 CONTINUE 

GO TO 8n 
C LOADS THE CFO VALUES FROM THF CF ARRAY. 70 DO 71 KCF=1.27 

JCF=JCF+I 

CFOIXCF)=CFFJCF1 
71 CONTINUE 

c TRANSFORMATION OF THE COORDINATE SYSTEM FRG.* X-Y TO u-v 8n DX=XII-X0 
DY=Y11-Y0 
U=AP, DX+RP•DY 
V=CP.DX+DP.DY 

FvALuATION Or THF POLYNOMIAL 85 P0=POn+U4P
IP1O+u•lP20+1JAIIP3n+U*IP4n+U*P501 1 1 1 PI=P01+U*(P11+U*(P21+U*IP11•0*P41 / 1 1 

P2.P02+U,IP12+U*I 0 22+11*0321 1 
P3=P03+U*IP13+U*P231 
Plo.PO4+U*P14 
Zio=p0+V.I.FR1+V* FP2

+V*(P1+V*IPA+V*115/ 1 ), GO TO LBL. (31.41.42) 
END 

47 

!(' I 

'Dr 177 
ID) 17u 

1 0! ,70 
WI !Do 
fPf

1°1 102 
1°1 1 01 
1°1 1 ,44 
1PI IRS 
IPI 

IPI 1P 7
In! 190 
IPI 

IPI 1,)0 
!PI 101 
IPI 1 0? 
!PI 1Q1
1°1 1q4 
1°1 10',
IPI 

IPI 1 07 
Ir'! loP 
!PI Inn 
Int 'nn 

IPI pnl 
In) V'? 
IPI 701 

IPI 704 
IPT 2nr,
!PI 2r,F, 
fol :"17
ID? 2r)P 
1°1 200
TPI 710 
1°1 21 ) 
!PI 21? 
IPI 211 
IPI 214 
IPI 219 
IPI 216 
IPI 217 
IPI 

1P1 214 
1 1 220 
IPI 221 
!PT 227 
!PI 221 
1P1 224 
1P1 225' 
IPI 226 
IPI 227 
!PI 21A 
IpI 229 
101 710 
IPI 731 
IPI 212 
IPI 211 
!PI 234 
IPI 71S 
IPI 216 
IPI 237 
101 218 



• 
11 
10 
S.
10 
10 

60 To 24 

72 FNonpv.wril) 

FNNPPV=wv(2)
IF(mOnn.NF.NOnnV) Go TO on 

IF(NNPO.NE.NNPPV) GO TO 90 

IFFMDn.NE.1 1 (30 TO 24 

23 FNx¡Pzwv(1) 
FNYInv=wr(4) 

iF(NxIn.Nr.Nxii0v) Gn TO on 

IF(NY10.MF.NYInV) GO 10 90 

60 TO ln 

74 WX111:FNXIn 
WICI4)=FNvIn 

C ALLOCATION OF STORAGE AREAS IN THE WK 
ARRAY. (AIL MD) 

NDNDmIoNnPnii(NOP0-1) 

IwIPLuNinT4-NDNOMI 
IwIPN.IwIPL+NDNOm] 

IWPD wIWIPN+NOPO•NNPr 

IWIT =IWPD +NDPO*5 

C DIVIDES THr X-Y PLANE INTO A NUMBER 01 TRTANUFS AND 

C DETERMINES NNP POINTS NEAREST 
EACH DATA POINT. (mp l) 

40 1F(mO.6T.11 60 TO 47 

41 CALL IDGFOMIXD•YD•WKI IWIPT 

WKIs1=FNT 
WIC(6)=FNL 

GO TO 50 
42 FNT=w051 

FNL=wK161 

C ESTIMATES PARTIAL 
DERIVATIVES AT ALL DATA POINTS. (ALL MD) 

5n CALL 
ICIPnRv(XD•YD.Zn.wWw1PNI.WKII 1POI)

C LOCATES ALL INTERPOLATED POINTS. IMD=1 ,21 

60 IFtkiD0.E0.1 1 GO TO 70 

IX1=0 
jWIT=IWIT-1 
INC--i 
DO 62 IY1=1.NY10 

INC*-INC 
Y11=1'11 1111 

DO 61 IxInni,NxIn 
IXI=IXI+INC 
JWIT=JWIT+INC 

CALL IDLCTN(XO.YD.WKIIWIPTI.wKl IwIPL). 

1 XIIIXII.YIIIWKIJWITI ) 

61 CONTINUE 
IXI=IXI.INC 
JwIT.JwTT+TNr+Nwlo 

62 CONTINUE 

C INTERPOLATION OF THE Z1 
VALUES. (A(L Pq)) 

70 NCF=0 

ICE-O 
JWIT=IWIT-1 
IXI=0 
IZI=0 
INC=-1 
DO 72 IVI=1,NY10 

INC.-INC 
Y1190(ItIVI) 
DO 71 IX10=1.NXIO 

jWITwjWIT+INC 
IXI=IXI.INC 
121=1Z14.INC 

CALL IDPTIPIXD.YDaD.6. l iwIPT ).10.F 1w1PL).wK1 iWPD). 

WKIJWIT10,1. 1X1 ),YI I ,Z 1 1 1 Z 1 ) 1

71 CONTINUE 

)9WKIIWIPLI.WKI IWIPNI)

4 9 

P.' 

I' • ni7 
1, 1 ntP 

15F 0.6,o 

!SF 070 

(Sr n71 

15r 077 
071 
074 

I d-

1,4- P71, 
içr "77 

"71,
15F '7o 

npo 

V.) Oral 
rA OA? 
/!,1 nsl 

ISF nA4 

15F 
1;1 086 

VA- 087 

(Sr no3A 

151 089 
IrT nrm 

ISF 091 

151 092 

151 091 

!SF (104 
151 095 
!SF 096 
!SF 007 

ISr no'

ISU 099 

!sr Ino 
!SF 101 

ISr In? 

'sr 101 

I5í loA 
ISF Ins 

15F 106 
!SF 107 

ISF 108 

ISF 109 

!SF 110 
I5F 111 

1!..1- 112 
rx 113 
ISF 114 
!SF 115 
I`,F 116 

117 
118 
119 
120 
121 

ISF 122 
FSF 123 

ISF 124 
ISF 125 
ISF 126 
!SF 127 
ISF 128 
ISF 129 
ISF 130 
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41 
40 
40 
41 
40 
40 
40 
40 
40 
41 
40 
40 
40 
41 
40 
41 
41 
41 
41 
41 
41 
41 

111 

(Jr) 

LI) 
101Mmommt] 

= vODF OF romPuTATION 
= I FnI4 NFw xn-YD. 

= 7 FnR nu) xn-Yo. NEW YI-YI. 
1 FOR OLO xn-yo. pLD Y!-YI, 

ND)' • NumBUR OF DATA POINTS (viusT RE 4 OR GRFATFR). 
XD = ARRAY OF DIvENSION NC-U' STORINC, THE X roORDINATFS 

OF THE DATA POINTS. 
yo = ARRAY OF DImFAISION NOP çloPING THF Y COORDINATES 

OF THE DATA POINTS. 
..ARRAY OF OlvENSION NOP STORING THF 7 COORDINATES 

OF THE DATA POINTS. 
s ARRAY OF OIvFNSIoN I 7• NDP4-(,:lona =, I •NOPaNx I =NY I 

TO BE USED AS A WORK ARFA. 
NXI NUMBER OF OUTPUT GRID POINTS IN THE X COORDINATE 

(MUST RF 1 nR GREATF0), 
NYI = NumNER OF OUTPUT GRID POINTS IN THE Y COORDINATE 

(MUST BE I OR GREATER). 
XI = ARRAY OF DImENSION NXI T)RING T(ir X COORDINATES 

OF THE OuTPuT GRIP POINT ,, 
VI = ARRAY OF DIvFNSIoN NY) STORING 1HF Y cnORDINATEs 

OF THE OUTPUT GRID POINTS, 
WHERE NNP IS THE NUmBER OF ADDITIONAL DATA POINTS usFn FOR 
ESTIMATING PARTIAL DERIVATIVES AT EACH DATA POINT. THE VALUE 
OF NNP MUST RI GIVEN THROUGH THE IDNN rommoN. NNP MUST =F. 2 
OR GREATER. PUT SvALLFR THAN NDP. 
THE OUTPUT PARAMETER IS 

21 = DOUBLY-DImENSIONED ARRAY or DIMENSION INXI,NYI/t 
WHERE THE INTERPOLATED Z VALUES AT THE OUTPUT 
GRID POINTS ARE TO BE DISPLAYED. 

THE LuN CONSTANT IN THE DATA INITIALIZATION STATFmFNT IS THE 
LOGICAL UNIT NUMBER OF THE STANDARD OUTPUT UNIT AND IS. 
THEREFORE. SYSTEM DEPENDENT. 
DECLARATION STATEMENTS 

DIMENSION XD(10).YDr101,ZDi101.WKI 10001 . 
x1(10).Y1( 10)./A(10 ,, ) 

COMMON/IDNN/NNP 

COMMON/IDGM/NDPC,NNPC•NT0NL 
COMMON/IDPI/NCF,ICF 
EQUIVALENCE IFNDPO , NDPOIsfENDPIV,NOPPVIt 

IFNNPO , NNPOI rIENNPPVeNNPPV), 
2 (FNx10.NX1011iFNXTPV,NXIPV). 

(FNYIO.NYI0).(FNYIPv.NYIPV). 
4 (FNT•NTI.IFNL,NLI 
DATA LUN/h/ 

C SETTING OF somE INPUT PARAMETERS TO LOCAL VARIABLES. (ALL MD) 
In mD0=m0 

NDPO=NDR 
NDPC.NDPD 

NXIO=NXI 

NY10=NTI 
NNP0=14,40 

NNPC=NNPO 
C- ERROR CHECK. (ALL MD) 

2n l (NiDn.LT.1.0R.mnn.nT.1) GO TO on 
IFINDPD.LT.41 Gn To 90 
IFINXIO.LT.I.OR.NYICI.LT.1) GO To on 
IFANNPO.LT.2.0R.NNPO.GE.N000I GO 10 00 
IFIMDO.NE.1T GO TO 22 

21 WKII/=ENDPO 
W102/=ENNRO 

SUHROuT INF IDSFF1imD.N0P.x . .7o.wv.Nxi.NYI.xI.Y1•71 1 
THIS SuBROUTINI PFRFoRms sm001H YRO.Arr FITTING wHrN THF PRO-
JFCTIUNs OF THF DATA POINTS IN THF x-Y PLAN!' ARE IRRrGulARLy 
DISTRIBUTED IN THE =LANE. 
THF INPUT pApAmrTrqs nor 
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JWIT'JwIT4INC.NKIn 
1X1=1K1+INC 
I2lul2I.INC.Nx10 

72 CONTINUE 
C NORMAL EXIT 

An RETURN 
ERROR EXIT 
gn WRITE !1UN.20901 

RETURN 
C FORMAT STATEmENT FOR ERROR mESsAGF 
2090 FORMAT!1X/41H *so IMPROPER INPUT PARAMETER VALUE(S)./ 

I 7H mO =.14.10X•5HNDP . , 16.10X.5HNXI =.16. 
2 10x•smNYI ..16.10X,SHNNP =.I6/ 
3 35H ERROR DETECTED IN ROUTINE IDSFFT/) 
END 

mOn.NOPn.NXIO,NYin.NNpn 

BLOCK DATA 
c THIS SUBPROGRAM ENTERS A NUMBER INTO THE NNP CONSTANT IN THE 
C IDNN COMMON, WHERE NNP IS THE NUMBER OF ADDITIONAL DATA POINTS 
C USED FOR ESTIMATING PARTIAL DERIVATIVES AT EACH DATA POINT IN 
C THE ID8v1P/iDsEF1 SUBPROGRAM PACKAGE. NNP IS SET TO 4 
C INITIALLY BY THIS SUBPROGRAM. 

COmmON/IONN/NNp 
DATA NNP/4/ 
END 
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Splines in geophysics 

Pedro Gonzalez-Casanova* and Roman Alvarez

ABSTRACT 
Modeling and contouring of geophysical data often 

require distributions of regularly spaced values. Splines 
have been shown to be the most accurate methods to 
obtain such distributions. We emphasize the general 
problem of interpolating random distributions of data 
on a given surface. 

Splines are classified into unidimensional, quasi-
bidimensional, and strictly bidimensional; based on this 
classification, a systematic derivation of the correspond-
ing interpolating techniques is conducted. Two ap-
proaches are presented to obtain unidimensional 
splines: one based on the continuity of the first and 
second derivatives of the polynomials involved, and the 
other based on a variational approach. Quasi-
bidimensional splines arc constructed based on the uni-
dimensional approach, while strictly bidimensional 
splines are generated by minimizing the bidimensional 
curvature. Quasi-bidimensional splines can be used for 
processing data distributions along nearly parallel lines; 

linear projections and parameterization are the tech-
niques used in interpolating this type of distribution. 
Strictly bidimensional splines minimize curvature 
through the analytic solution of the Euler-Lagrange 
equation or by a finite-difference algorithm. The maxi-
mum error, mean error, and standard deviation between 
interpolated data and exact field values produced by 
various prisms show that quasi-bidimensional splines 
are 2.7 percent more accurate in the maximum error 
than strictly bidimensional splines when both tech-
niques are applied to regularly spaced data. However, 
for irregularly spaced data, three examples containing 
300, 600, and 900 random data points show the superi-
ority of the thin-plate approach over the quasi-
bidimensional splines. A comparison between various 
interpolation densities on regular grids, starting from a 
set of 327 randomly distributed magnetic stations, illus-
trates some differences between geophysically meaning-
ful interpolations and interpolations carried out only for 
contouring purposes. 

INTRODUCTION 

When geophysical data are presented in the form of con-
tours, automatic contouring is often performed by interpolat-
ing a distribution of regularly spaced discrete data points. 
Since field data are seldom regularly spaced, methods must be 
provided for obtaining a regular, network from irregularly 
spaced data. 

Interpolating irregularly spaced field data by hand is essen-
tially a linear process in which the concept of maximum 
smoothness is implicitly applied. Mathematically, the conti-
nuity of a function and its first and second derivatives at 
discrete, observed points lead to contour smoothness. 

Crain and Bhattacharyya (1967) introduced qualitative cri-
teria to evaluate accuracy versus computation time. The high-
est quantitative accuracy was attained by least-squares meth-
ods using orthogonal polynomials generated by the Gram-
Schmidt method. Subsequently, Bhattacharyya (1969) pro-
posed a method of interpolation based on cubic-order sur-

faces; he concluded this method was more accurate than using 
orthogonal polynomials. Various papers followed this ap-
proach and introduced variations to such an algorithm 
(Thomson, 1970; Heissing et al., 1972; Rasmussen and 
Sharma, 1979). 

Crain (1970) established a two-fold classification scheme of 
interpolation methods: (I) methods of mathematical surfaces, 
and (2) methods of numerical surfaces. The first group pro-
duces an analytical surface passing through a set of observed 
points, while the second group develops interpolated points, 
from the distribution of neighboring, observed points. 

SPLINE CLASSIFICATION 

A thin metallic strip when flexed and forced to pass through 
a set of points in the X Y plane generates a unidimensional 
spline. Reinsch (1967) showed that such a curve corresponds 
to a set of cubic polynomials, each describing the curve be-
tween two successive observed values. These polynomials 

Manuscript received by the Editor November 28, 1984; revised manuscript received April 4, 1985. 
instituto de Geofisica, Universidad Nacional Autonoma de Mexico, 04510 Mexico, D. F., Mexico. 
:Instituto de Investigaciones, en Matematicas Aplicadas y en Sistemas, Universidad Nacional Autonoma de Mexico, 01000 Mexico, D. F.. Mexico. 
4. 1985 Society of Exploration Geophysicists. All rights reserved. 
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maintain continuity of the cubic functions and their fi rst and 

second derivatives at every point (joint) in which the poly-

nomials meet. Bicubic splines contain essentially the same 

concept. The metallic plate is assumed deformed by forces and 

acting at each observed point applied to fi t it; boundary con-

ditions are required to fi x the perimeter of the plate. 

Since 1960 splines have been used for the interpolation of 

irregularly spaced geophysical data along a line (e.g., Ahlberg 

et al., 1967). Spline interpolation also found its way into bidi-

mensional interpolation starting from regular grids (Bhatta-

charyya, 1969; Heissing et al., 1972; Dooley, 1976). Other al-

gorithms have been proposed for the interpolation of irregu-

larly spaced data on a plane (e.g., Briggs, 1974). Rasmussen 

and Sharma (1979) brought up the problem of precise interpo-

lation in terms of absolute errors. They evaluated spline inter-

polation and concluded that for various causative bodies and 

conditions, spline interpolation yielded excellent results. How-

ever, their results are for data aligned along parallel lines, not 

for completely random data points. The distinction is impor-

tant since the same algorithms do not work properly for 

random data. 
Here we emphasize interpolation of truly random distri-

butions of data points on a given surface using variational and 

minimum-curvature approaches. We base the work on that of 

Duchon (1975), Paihua and Utrera (1976), and Wahba and 

Wendelberger (1980) who proposed a substantially different 

construction of the analytical surfaces involved. Their algo-

rithms are only beginning to find their way into the treatment 

of geophysical data. 
For clarity, we classify splines as: (1) unidimensional, (2) 

quasi-bidimensional, and (3) strictly bidimensional. Quasi-

bidimensional splines correspond to data roughly aligned 

along straight lines, such as flight lines, while strictly bidimen-

sional splines correspond to distributions of truly random 

data. 

UNIDIMENSIONAL SPLINES 

We review two approaches for generation of unidimensional 

splines. The first approach adjusts a curve of cubic poly-

nomials to n points distributed in the X Y plane. The second 

approach uses a thin metallic strip flexed in such a way that it 

passes through all the points of the distribution. According to 

Hamilton's principle of least action, the curve obtained will be 

the one that minimizes the energy of flexure of the metallic 

strip. 

Cubic splines 

We consider a distribution of points xi (i = 1, ..., n) with 

< xi , and a set of functions {u(x)) that take values u; at 

such points. The interpolation function u(x), as pointed out 

previously, is formed by cubic polynomials at each interval 

[xi _ ,, xi]. We call P, = II; (x) the fi rst derivative of the function 

ui (x) at a joint. The cubic polynomial between two joints can 

be properly described if its four coefficients are known. As-

suming the values of the function and its first derivatives are 

known at two successive joints, this procedure yields four 

linear equations that can be solved for the four unknown 

coefficients. 
At two successive joints a and h 

C(a) = 

•••teln, “Ingerivalla..,  • ;.• 

Cla) = a,, 

C(h) = ao + a ,(b — a) + a 2 (h — + a3 (h — ( I) 

C(h) = a, + 2a 2 (b — a) + 3a3 (h — . 

Let C = Ma be the corresponding matrix equation. Solving 
the system 

a = (M -1)C 

and substituting the values of a in the general formula for a 
cubic polynomial, we obtain 

C(x)= C(a) + C(a)(x — a) 

[3 C(b) — C(u) C'(h) + 2C(a)] 
4. 

(h — a)2 (h — a) 
(x 0 2

[(h — a) (h — a)-., 
—2 

3 
(C(h)—C(a)) + CI° C 11)1(x — ar (2) 

Expression (2) corresponds to the polynomial between joints a 
and h. Therefore, given the values of a function at two suc-
cessive points, as well as its fi rst derivatives evaluated at such 
points, there is one and only one cubic polynomial that passes 
through them. Thus with n points and their fi rst derivatives, 
there is one and only one set of cubic polynomials passing 
through them. 

However, we assume that at each u; the value of the fi rst 
derivative is also known. In practice this is a restrictive con-
dition since normally the field values (e.g., magnetic, gravity) 
are known but not the values of their derivatives (i.e., the 
derivatives at the joints). However, this can be overcome as-
suming that (I) the fi rst derivatives at the fi rst and last points 
are known, and (2) the curve formed by the polynomials is 
continuous in the second derivative. The latter condition re-
sults in a new set of linear equations from which we can 
obtain the fi rst derivatives at intermediate points P 2 , . . 

PR- I .

Take three successive points xo , x,, and x2 and let v(x) and 
w(x) be two cubic polynomials that satisfy 

u, = v(x,) = w(x,) and P = v(x i ) = tv'(x ,). 

Differentiating equation (2) twice and making a .--- x, and h 
xo , and equating v"(x,) to w"(x,), we obtain 

Ax tr(xo) + 2(Ax, + Axo)P, + Axo w'(x2 ) 

3 {— [w(x2) — %six 1 ) + — xi) — v(x0)1} • 
Axo

tzxo Ax, 

• 

(3) 

A recurrence relation is obtained in the following form: it 
allows computation of intermediate derivatives: 

Axi Pi _ , + 2(Ax1 + )P, +

= [ Ax • _ — + Ax  I. i = 1, ..., I — I 
Axi

(41 

Such a relationship is linear wi h I — 1 unknowns in P, , 
with i = 1, ..., I — 1: it has a tridiagonal matrix that is strictlz 
diagonal dominant. This is easily shown by dividing equation 
(4) by (Ax, + ,) and writing the corresponding matriz 
equation. Since 



Ax, + x,_A 

and since au are the elements of the coefficient's matrix, then 

¡a"! > El (to t (i.e., I aiiI = 2 

and 

Eiaui = 1). 
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stnctions imposed on the strip; thus. from equations (5) and 

(8) 

Thus, the only additional condition for the matrix to be diag-
onal dominant is that the off-diagonal elements in the first and 
last rows. are less than 2. In this case equation (4) contains 
nonzero cigcnvalucs (Marcus, 1960). Consequently, we arc 
dealing with a singular matrix with 1 — I linearly independent 
equations, implying that the f' ( (i = 1.....I — 1) unknowns are 
uniquely determined. Thus, demanding continuity of the first 
and second derivatives at the joints results in a piece-wise 
smooth, cubic polynomial, with values ui in ii(xd. 

Variational approach 

According to Hamilton's principle of least action, a flexed 
metallic strip adopts the shape that minimizes the flexing 
energy. This energy is proportional to the square of the curva-
ture of the strip. The integral of action J is given by 

f fir/ 2 dx. (5) 

The action J has to be minimized, yielding a function g(x;) = 
y, 1 = 0, . ... a). such that y, are known field values and x, are 
the coordinates of these values. If we let y(x, = y(x, 
0) + ah(x) be the variated trajectory, then the condition .for 
finding an extremum is 

=0. (6) 

We could now direct y obtain the Euler-Lagrange equation, 
forcing the strip to pass exact y through the observed points. 
However, we take advantage of the simplicity of the unidimen-
sional case and introduce the concept of smoothing in the 
variational approach. 

If the strip passes not exactly on the points but in their 
neighborhood, the strip deformation is smaller and the corre-
sponding curve is smoother. The smoothness depends upon 
the radius of the neighborhood; this condition is expressed 
mathematically by 

—  < s
J 

where s is a factor that multiplies the radii of all the neighbor-
hoods. The parameter 8y, controls the degree of smoothness at 
each observed point. The inequality (7) can be expressed as an 
equality with the aid of an additional, arbitrary parameter 

(fAxi) — y) 2

i=o 8y, ) 

(7) 

(8) 

Therefore, : represents how close the deformation lies to 
the smaller :, the closer the deformation to y,. 

The function g(x) minimizes .1 and complies with the re-

[ !A-xi) — 2 + :2 — s]. (9) J = [g"(x)]2 dx + P E 
0 ( 

.‘. 

where P represents a Lagrangian multiplier. 
By demanding that the additional condition 

(3J(:)= 0 (10) 

is met, the strip is forced to be in the neighborhood (8y,) of. 

but as close as possible to, each y, . 
From equations (6), (9), and (10) and assuming that the 

derivatives at the end of the strip are zero (i.e., the strip is fixed 
horizontally at the extrema), we obtain 

In I 

n - 

(g"h(x) dx + E — 

+ E ii(xi) [ (9-(xd. — P1- (x r) -1 
i= } 

(21' 
q(x)

— 'V'+ = 0. (11) 
Sy? 

However, since the function h(x) is arbitrary, the terms in h(x,) 
and h(x,) are linearly independent. On the other hand, sum-
mations contain only discrete values of 11, while the integrit) 
contains all the values of h(x) between values x„, and x„. The 

only possibility for the terms to be zero in equation (11) is that 

they are zero independently. 
Consequently, we obtain from the first term 

= 0 (Euler-Lagrange's equation). (12) 

and from the second and third terms 

and 

srt vd_ = (fi(xd — y, 

— g"(.x,)_ = 0, 

— = 0, 

11(.0 • — = 0. 

(13) 

One solution of equation (12) is 

= a; + hi(x — + ci (x — .Vd2 + di — :03. (14) 

Determination of the coefficients of this polynomial is made 
starting from the continuity conditions in equation (13). From 
the continuity of the second derivative we have 

c — di ._
i,

and from the continuity of y(x) we have 

Thus, we define 

(15) 

— t11i . (16) 

= — 

C (CI. • • • • Crt 1)T, 
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• 

• 
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Y = • • • • 

a = (a„. 

and 

= diag (40, . . . , 

T is a tridiagonal matrix of order n — 1 with terms 

= 20; . , + 0,13, 

and 

= It. 1.1 = 

and Q is a tridiagonal mat ris with terms 

qi l.; = qi, = — — fifi; (/i . 1. . = 1 //), • 

We obtain from the continuity of the first and third deriva-
tives 

• 
(Q TD2Q + PT )C = PQ7 y. 

• 
• 
• 
• 
• 
• 
• 
• 

• 
• 
• 
• 

and 

(17) 

a = Y — P-102QC• (18) 

Thus, if we know the value of the Lagrangian parameter P, 
from equation (17) we can obtain the vector C. and from 
equation (18) we obtain vector a. The remaining coefficients di
and hi can be calculated from the recurrence formulas (15) and 
(16). We have thus determined the values of the coefficients of 
the cubic polynomial at each interval. 

From equations (8) and (10) we obtain 

(19) 

and defining a function F(P) as 

F(P) = DQ(QTDTIYQ + PT)-- IQTy, • (20) 

equation Oilcan be written as 

P(P) = s — (21) 

From equation (19) two possible solutions are obtained: 
P = 0 or = = 0. In the former, boundary conditions do not 
affect J and the polynomial is reduced to a straight line. In the 
latter, and using equation (21). the polynomial reduces to 

F(P) = S i " 2. (22) 

The solution of equation (22) lets us get the value of P. With 
this last step the parameters necessary to interpolate are com-
pletely determined. 

In summary, equations (15), (16), and (18) represent the al-
gorithm for obtaining 1-D interpolations with the variational 
(i.e., cubic functions) approach. Equation (12) shows that one 
possible solution of the functional of equation (5) is a set of 
cubic splines. Obviously. equation (12) can yield other solu-
tions. 

QUASI-BIDIMENSIONAL SPLINES 

The quasi-bidimensional method deals with obtaining a 
cubic. bidimensional surface, starting from one-dimensional 
(1-D) splines. Assume that we are dealing with a series of 
straight lines, parallel to the x-axis but irregularly spaced in 
the y-dircction. Along the x-axis. I -D splines can be fit to the 
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data to interpolate and regularize in that direction. We then 
have equally spaced data (at intervals Ax) on those lines. A 
second interpolation in the .i,-direction, along fixed values of A 

and with a Ay not necessarily equal to Ax, will yield a regu-
larly spaced grid. 

These operations are mathematically equivalent to per-
forming a composition of orthogonal splines (tensor products) 

i.2 J 4 2 

mx. = E E 4)„, (x)41„ (y), 03) 
pry 

where tax. v) represents the bidimensional surface, 0,„„ is a set 
of coefficients, and (I)„, and tir„ are piece-wise smooth. cubic 
functions of class ('' (De Boor, 1962). 

From the previous section, given ii points (u1, un) and 
the derivatives (P0. P.) at both ends of the interval, there is 
one and only one unidimensional spline that passes through 
these points. Thus, given a point in R" 42, there is one and 
only one associated unidimensional spline. Since R"42 is a
linear space and since there is an isomorphism between It-
and the set of unidimensional splines S(x: xl ). this set 
is also linear. Equation (23) involves the product of two linear 
spaces: the space of splines in the x-direction 4). and the space 
of splines in the y-direction, til„. These spaces have dimensions 
(I + 3) arid (J + 3), respectively. The product space has dimen-
sion •(I + 3) (J + 3) and constitutes the linear space of bidi-
mensional surfaces. However, if the linear spaces (1)„, and w. 
are not orthtagonal, as in the case of nonparallel flight lines. 
the tensor product does not yield a linear space. This is the 
main source of error in the quasi-bidimensional approach. " 

De Boor (1962) showed that the cubic splines given b% 
equation (23) are uniquely determined if the following values 
arc known: 

Uij = 14x, yi ) = O. .... j = 0. ....J 

Pq = i = O. L I = O. ....J 

q11 =H1(x1.v1) 1=0. ....I: j= 0, J 

= yi ) = 0. I: = 0, J. 

Assuming that the values of the polynomial tax. yl were 
known, as well as its derivatives in .x, y. and xy, De Boo:
(1962) obtained a matrix equation for determination of the 11.. 
coefficients of the polynomial surface 

Aus4i=p. 051 

The matrix contains values of the polynomial and its de 
rivatives, while [A] is formed by elements that depend upon
the coordinates of the regular, but not equally spaced, grid. 

Similar to the unidimensional case, the intermediate deti‘J 
lives with respect to x. y. and xy are obtained by the recur 
rence formula derived from the continuity of the second de 
fivative: 

+ 2(A + A + A yi Q1.1 , 

— 3 [ i , (U11, — 
A Y 

AY_ 

+ •• - U. _ 1)], j=  I, J - , 
AY 
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&}', ,S,. + 2(A + A Yi )S,i +

Yi
(P, ,., — Pi) 

Al'i

A Yi
(P,j — Pi. j = 1, J — 1, 

A Yi _ 

AX, _ ,P,, + 2(AX,_ + X,)Pu + AX, P,_ ,. j

—   (U., .— 
ex, ' •' 

+  ' (U1,- = ..., - AX. 

and 

AX ,S,„.; + 2(AX, . , + AXi)Sii + AX 

X , 
3 [A AA ' (Q1+1. — Q..) 

; " 

AX
i  (Q. • — Q._ i= 1 — 1. (26) 

Ax,_, ' • i

This approach is used to obtain the splines if the field values 

are regularly distributed, since the only requirement for the 

validity of the algorithm is that the 1-D splines lie along 

straight lines. However, it is well-known that in geophysical 

exploration such a requisite is seldom fulfilled, although good 

approximations are sometimes obtained in aeromagnetic flight 

lines. Generally the lack of parallelism and the lack of 

straightness as sources of error must be considered. 

Two approaches were followed to minimize the above diffi-

culties: (1) correcting the data on the basis of least-squares 

and linear projections (Bhattacharyya, 1969; Rasmussen and 

Sharma. 1979), and (2) correcting with parametric functions 

(Heissing et al., 1972; Rasmussen and Sharma, 1979). The first 

approach uses straight lines, while the second uses polygons 

approaching straight lines. In the second case interpolation is 

performed with the original field values, although slope disper-

sion (i.e.. the range of bearing variations along a flight line) is 

high and inconvenient. In the first approach fitting a straight 

line and projecting the original values onto it is the source of 

error. We briefly discuss both methods. 

Linear projections 

This approach considers data points distributed in the 

vicinity of straight, parallel lines. The algorithm, proposed in 

Bhattacharyyti (1969), deals with acromagnctic data using Dc 

Boor's tensor product formulation. The coefficients of the 

straight lines are obtained by least-square fits of the data sets. 

and then the data points that do not lie on the straight line 

arc projected linearly onto it by the following procedure. 

(I) Search for the datum point closest to the fitted 

line; such a point is called a pivot point and is imposed 

so its projection onto the line has the same field value 

F„, (i.e., we assume that it lies on the line). 

(2) Take the closest point to the pivot; then the field 

projected Fr onto the point on the straight line is given 

by (Figure I): 

Fr =- (d2 /110F0 + [(1 —112 )/t1JF„,. (27) 

where d, and d2 are distances projected from the field 
point to the pivot and from the projected point to the 

pivot, respectively. Fo is the field corresponding to the 

point to he projected. 
(3) The projected point is now considered a pivot and 

the process repeated for the next closest point. 

Once the projections are performed, the tensor product of 

the splines expressed by equation (23) is readily obtained: to 

each straight line fit a unidimensional spline and obtain 

equally spaced points along the y-axis. Next, adjust straight 

lines parallel to the x-axis with splines and obtain equally 

spaced points in this direction. 
As pointed out before, this algorithm introduces sources of 

error before De Boor's treatment can be applied: the point 

values on the straight lines arc not actual field values but are 

projections. 

Parametric splines 

An irregular distribution of data points is the basis for pro-

ducing a set of parametric bicubic splines (Ferguson, 1964; 

Heissing et al., 1972). The interpolating surface is formed by 

irregular. bicubic surfaces (Figure 2a). Each bicubic surface 

must preserve continuity of the function and of the first de-

rivative with respect to contiguous surfaces. Figure 2b shows a 

bicubic surface AL.; in which two parametric coordinates u, v 

are defined along the directions shown; curves k, and k, are 

paraineterized with respect to the variable a and curves k 3 and 

are parameterized with respect to v. Two points are lo-

cated: P(u) on k, and Q(u) on k 2 . An interpolation is made 

from P(u) to Q(a) with a curve segment parameterized in the 

coordinate 1., defining the bicubic polynomial 

v)= r3{ —2[Q(u)— P(u)] + x(ii) -4- v(u)} 

r 21310 ir)— P(a)] — 2x(u) + .v(u); 

+ rx(u) + P(u). (28) 

flight line 

pivot 

Flu. I. The method of linear projections uses ficld values F, 
that have been projected onto a straight line from the actual 
flight line. 
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• where x(u) and y(u) are the tangents to the curves in the para-

metric direction v at points P(u) and Q(u). Both tangents are 

110 given by cubic interpolations in the u direction. Notice the 

similarity between equation (28) and equation (2) with a = 

and l) = 1 [i.e., equation (28) is normalized in the interval 

(0, I)]. 
The bicubic polynomial (28) is expressed as 

• 
• 
• 
• 
• 
• 

• 

• 
• 
• 
• 
• 
• 

• 
• 
• 
• 
• 
• 
• 
• 

3 3 

P(11, 1)) = E E 
I' II q II 

(29) 

which corresponds to De Boor's tensorial product [equation 

(23)]. 
The 16 constants Rpg are determined through continuity of 

the first derivatives along the perimeter of the surfaces /11.i

(Ferguson, 1964): 

Roo = P 

R0 1 = Su, 

Ro, = 3(/3,, , — — (2,3, + , ), 

R03= 2(P u - 1)+ (Su+ Si. pi), 

= T. 

R 1, =0, 

R 12 =  3 (Ti, j. I - 

R,, = 2(7i; — T, ,+,). 

R20 = — (27;) + 'i; +

R,, = 3(Si ., ,.; — 

R 22 = - Pi.i. Pij

2(Tii -  + (T. i) 

+ 2(s1; — si. Li) +(s1.) ., — 

R23 = 2[3(P. . — Pi; + Pi.)4 — Pi+ .1+ i) 

+ — 7;) + (7;+1.)4 — 7;4 1.)] 

4- 3(S, 1. j Si , i.j, S, — Si. 1 ). 

R„ = 2(Po — J)+ 1;i  + 1. LJ, 

R 31 =-  2(Sii - Si.

R32 = 3[ 2(Pi. — + Pi • 

+ + (To + 7 L)] 

+ 4(s1, ,.; — si) + 2(S1, Li + I — 1). 

and 

(30) 

R 33 = 2[2(P 1i - + — Pi. ,) 

+ Crij + 7;+1.;) — ( 7:. + 1) 

+ (So — S, 1 , + Si. i+ — Si+I.j+ 

where lJare derivatives with respect to the parametric direc-

tion u and Sii are derivatives with respect to the parametric 

direction r. 
• Parametric splines eliminate the error introduced by the 

linear projections discussed previously; however, parame-

terization entails a much larger slope dispersion (i.e., the lines 

are not straight lines). Therefore, while one source of error is 

eliminated, another one is introduced. The parametric algo-

rithm of Rasmussen and Sharma (1979) is a particular case of 
the one presented above and is not discussed here. Thus, the 
two approaches reviewed aim to adapt nonuniformly distrib-
uted data to a form suitable for the application of the tensor -
product method proposed in De Boor (1962). In performing 
the adaptations, errors are introduced; the larger the depar. 

ture of the data set from straight lines, the greater the error 
introduced in the interpolations. 

STRI( 1'1,1' 1111)INIENSIONAI. SPLINES 

Two methods in the geophysical literature deal with strictls 
bidimensional splines—one method uses numerical surfaces, 
and the other uses mathematical surfaces. Numerical surfaces 
yield only approximate solutions: Briggs (1974) used a finite. 
difference method to find a solution. We show that the ana-
lytical solution offered by the mathematical surfaces yields 
better interpolations than those obtained with the numerical 
surfaces. In addition, the analytical method has as many solu-
tions as there are kernels in the Euler-Lagrange equation in 
two dimensions. The pseudocubic splines are one such solu-
tion; however, a more precise approach is the thin-plate soli'. 
tion. We discuss the thin-plate solution in detail, since onls a 
short note has appeared about its use in the treatment of 
geophysical data (Campos et al., 1983). These methods can 
interpolate adequately between sets of truly random data. 

b) 

FIG. 2. (a) In the parametric method the interpolating surta
is formed by irregular. bicubic surfaces. (b) The bicuhie %urfaa 
A, shows the parametric coordinates u, r. Curves k, and 
arc parameterized with respect to o and curves k and 1,, arr.
parameterized with respect to r. 
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The thin-plate approach 

The flexure energy of a curved plate is given by (e.g., 

Landau and Lifshitz, 1970, 46) 

E K 
= if {(12 (-:21- 

(1X- (1V2

r 02 f
dx dy, (31) 2(1 — cOR

ix( (Ix' Py2

where K is a constant that depends upon Young's modulus 

and Poisson's coefficient cr represents the transverse contrac-

tion of the plate under longitudinal tensile strain. Here a 

varies between zero (metals) and 1/2 (rubber). The smoothness 

of the deformation depends upon the rigidity of the plate; 

since we are interested in the smoothest interpolation, we con-

sider o = 0 and K = I. Thus equation (31) becomes 

(121)2 ,-)2 f  )2 + (a2f )21 
E = ff + 2 („. dx dy. (32) 

As for the I-I) problem of the deformed bar presented 

above, we require a function y(x. y) that minimizes the func-

tional equation (32) while taking the values g(x j, yd at coordi-

nates (x j. yd. That is, the thin plate acquires the observed field 

values at their corresponding positions. 
We can obtain the Euler-Lagrangian equation by a vari-

ational approach, just as we did for the 1-D case, although 

this procedure is more involved. However, another possible 

derivation is considerably more concise. The functional analy-

sis aspects of such a derivation were emphasized in Duchon with

119751: we emphasize here the minimum-norm concept and 

the boundary conditions problem, which enhances its appli: 

cations aspects. Instead of finding a minimal trajectory, we 

minimize a norm in a given functional space [i.e., minimizing 

equation (32) is equivalent to minimizing a distance in such a 

space]. The resulting set of functions g(x, y) fulfills the require-

ment; however, of those functions we use only the ones that 

take the (field) values g(Ni. y1). i = I, n, where n is the 

number of known (field) values. First, we deal with this prob-

lem of boundary conditions and subsequently we consider the 

problem of minimum curvature. 

Boundary conditions for thy plate. The interpolating sur-

face can generally be represented by a function Mx, y) be-

longing to a functional space X. The requirement that the 

plate pass through the set of observed points implies that g(x, 

y) takes the values g(xi . yi ) for (xi , y1), i = 1, ..., n: thus the set 

.1's 1. • • . , g(x„. .i.„)] belongs to R". A transformation can 

be defined from the functional space X to R" (Duchon, 1975): 

with the property 

A(g) = [g(x i, y,), g(x„,

i.e.. A links the function g(x, y) in X to the point [g(x„ v 1).  

g(x„. y„)] in Ur. Figure 3 shows pertinent relationships be-

tween the two spaces X and " and the transformations A and 

A - Assuming known field values, we have a vector z„ of R. 

The set of functions that relates g(x, y) to z, by means of A is 

needed. A - '(z„) is the subset of functions that take the known 

field values; the function needed minimizes the curvature. 
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Curvature minimization.—As pointed out previously, the 

curvature must represent a norm in a functional space Y; the 

problem is solved by minimizing such a norm in Y. 

The inner product of two vectors y and y' in Y is defined by 

(y, y')1 = E f yo(x, y)y;j(x, y) dx dy, (33) 
i.J I R2 

where the space Y is formed by four-dimensional vectors y = 

(Y1). Yi2. )'21, Y'22). These quadruplets are necessary since the 

curvature in A has four differential operators: 

(12 17,2 a2 (12 

, and --. (-,x2 ayax ay2

When y = y'. the internal product is reduced to the norm in 

V. 

and if 

Yii ex-

1y 12) = I yij(X, .012 dx dy, 
2 

Y12 

j= 1 JR 

e2g

OX 0V 

a20

Y21 
Dy 

(34) 

02g 
Y22 = , 

Gy 

then the norm is precisely the curvature. 
An additional transformation T will be needed since 

interpolating functions g(x, y) are in space X, whereas 

quadruplets (y,,, .v12 , y2 " y22) are in the Y space, where 

norm (curvature) is minimized (Figure 3). Let 

T: X Y 

the 
the 
the 

( 
7.(0) = 029 02g  a2., a24

ax  2 • (-3 xil y  • F,) ,¡:.‘ '  • 

Duchon (1975) showed that the set of functions denoted X has 

the structure of a Hilbert space if the inner product is given by 

IjIi = ifilxi, .1'1/12 + Ig(x2, ).2)12 + IY(x3, Y3)12

+ j. Di; g(x, y) 12 dx dy, 
; 

where (x 1, y,), (x 2 , ) 2), and (x3 , y3 ) are 
aligned points, and 

(-12 (12
„ , 1)12 1) 

(35) 

three arbitrary, non-

02 

D,,and  - , . 
OyaX 

Let zo be the vector in space Z containing all, the point 

values to which the plate must be deformed, and let A - 1(zo) 
be the set of functions (linear variety) in X that fulfill the 
above restriction in Z. From this set let a be the wanted 
solution. Thus, in the set TIA '(z 0)3 the element of the set 
T(a) is closest to the zero of the Y-space (i.e., the element 
yielding the minimum norm). This statement can be expressed 
as an internal product by letting T(x) be an element of 

T[A -1(0)]: 

<T(a). T(x))y --- 0, 

where < means interior product. We now find the equivalent 

property in A' by changing the domain and the norm; thus 

<T(0), Tix))1. = O <TTT, ox), = 0. 

2 
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• 
O 

We show that TrTo may be expressed as a linear combi-
nation of the rows of A (i.e., when A is considered a matrix): 

To =

Thus 

<T(o), T(x)>, = <A1).. x) = A.v>z , (36) 

where T(x) is now not necessarily in TEA -1(0)]. Therefore, the 
minimization of the norm in Y has been related to a condition 
in space Z. 

Let AM= Mad such that g E X and a; are the plate defor-
mations at (xi , yi ). The term g(a) is. of course, a point of R"; 
from equation (35) 

J

. 
D,a(x, y)D,Dg(x, y) (Ix dy = E xi g(ad. (37) 

From the definition of Dirac's delta function and letting ou 
— ad = Sa, and i = (x, y) be a point of R2. then the right-hand 

side can be written as 

E mad = <E Xi , g>, 

from which (Gerfand and Shilov. 1964) 

.10 ••• 

E <DJ Dk a, Di k g> = E <D114 g> <A 2 cr, g> 
J. k k 

= <E Xi 8.,, cl>. 

and finally 
^ 

,A 2o = E Xi

(38) 

(39) 

Equation (39) is the Euler-Lagrange equation of the functional 
(32). 

Boundary conditions.—To determine the boundary con-
ditions, we consider equation (37). The kernel of the bigradicnt 
is the set of all polynomials of first degree in R2. If g is an 
element of such a kernel, then 

1:41 y(0,) = (1, (401 

where y is a bidimensional polynomial of the first degree. 
Since the plate deformations u; have coordinates (xi, yd. then 
equation (40) can be expressed as 

0; EXx1 = o; E xiy, = O. (41i 
Equations (39) and (41) determine the deformation function tu 

Fici. 3. Transformation A between spaces X and Z is defined in order to impose boundary conditions oh the deformed. 
interpolating surface. Transformation T. is defined between spaces X and y in order to minimize the norm in Y-spao: 
(i.e., the curvature). zo is the set of observational (i.e.. field) values. .4 - 40) is the kernel of the A transformation and 
.4 - 44) is the linear variety representing all the functions arising from zi) . y. is the element of the i -space that belongs 
to the linear variety 7(,4 -1(z0)) and is closest to the zero of such a space. r- .(Ø) is the kernel of the 7'-transformation 
and T- i(v) is the linear variety that arises from y,. a is the required solution. 

e 
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spline. Equation (39) is known as the biharmonic equation: to 

find its solution, we consider the function (Aronszajn, 1950) 

BM= — 12 log 1112

with t = (.v. y). Then 

(4.2) 

A2 /I = 6 

which means that 11(t) is a solution of the biharmonic equa-

tion. We now consider the function 

(43) 

where * means convolution: then 

.66 211= E 6.; a A211 = E x; 8 E 
We have shown that the function u is a solution of the bihar-

monic equation. The general solution is the sum of o plus a 

polynomial of first degree. which is the kernel of die hihar-

monic operator. 
Writing these results. in matrix form, the interpolating func-

tion cni) that minimizes the functional (32) is given by 

(Duchon, 1975) 

a(t)= E x, — t)+ u,, + a 2 y + u3 , (44) 

with 

t y): 

The coefficients X 1,  

and 

with 

I 

ti(t) .= I tI2 log It12; tV = t + t . 

u,, u,, us, satisfy the equations, 

KA + Ea = z, 

El A = 0, 

1 Si 

E = 
52 

K = (ko): = 

and 

.v„ y, 

k(r — ti), i j: 1;1• 

X I
UI

A = 
X, 

et = U2

a3

--

(45) 

Method of projections.--The matrix system of equations (45) 

is simplified by the method of projections (Paihua and Utrera. 

1976). Consider the vectorial subspace of R" defined as 

E = (r1, r,, r,)1c18"1 I); = a + itx; + Q.; i = 1, n:. 

Each vector in the subspace has components formed by first-

degree polynomials generated by the column vectors of matrix 

E. Since the vectors 

and 

111 =11. 1, ..., 111., 

u2 = 1-V1,  x2 , •••• Xfdr . 

U3 = (Si- 52• •••• Ynr 

(46) 

are linearly independent and generate the space E. they are 

then a basis of such a space. We generate an orthogonal basis 

by the Gram-Schmidt procedure (e.g.. Ncring, 1963). Let 

= ( 1, i2. 3) 

be the components of the basis with 

= v 1/ \ ft.', i2 = v2/1, 21. v3"" vx/1v31. 

and with 

V I = 

= U 2 — <1.12 , v 

and 
(47) 

V 3 = U3 — (U3,10,1 — (U3, V2>V2. 

E. appears in the Iwo equations numbered (45). Fur-

ihermore, 

E'A = o (48) 

implies that A is in the subspace orthogonal to E (i.e.,

thus projections can be used to simplify equations (45). 

Since the column vectors of V are orthogonal, then the 

orthogonal projection of R" onto E is given by 

= 

while the projection of R" onto the orthogonal subspace IF is 

given by 

= I — Q. 
Equations (45) can be projected by applying r 

pisA + EEct =Cz (49) 

since, according to equation (481. A is in F Then the projec-

tion of A onto 5- must be A. or 

rA = A. 

Thus. 

?CA + et;2 = Ez• 

However, the piojection of the vectors of onto (F must also 

be zero. i.e.. 

PE = o. 
Thus 

= l'z. 

The system of equations (45) has been reduced to" 

AA = b. 

and (50) 

CA = A. 

where A -= PK P and b l'z. 
The problem now consists of finding a A* that is a solution 

of equation (50). and then projecting it -onto I. From the 

computational point of view there is a result that further sim-

plifies the solution. The matrix A is positive definite (Paihua 

and Utrera, 1976). and therefore we can use Cholesky's algo-

rithm to solve the system (50). The solution of the coefficients 

A of the interpolating function o is now accomplished for the 
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thin-plate approach. Next we need to solve for the coefficients 
a. 

Starting from 

fa = z — A 

and using the equivalent matrix of ti; with column vectors 
orthonormalized by the Gram-Schmidt method, the above 
equation can be written 

Vet = z — 

Thus. 

= — z], 

and using the orthonormal basis N. we have 

or, = na2 /0 2 , — “ 1, i 3 > • a 3 , 

a, = ria 3 /0.3 . 

and 

a3 = a, — — <u2 , u,> • a, — <i,, i 3> • a3 . 

(51) 

Thus equations (50) and (51) constitute the complete solu-
tion of the coefficients of the functionals in equation (32). We 
now summarize the computational steps necessary to find the 
interpolating function a. 

(I) Calculate the matrix K. 
(2) Obtain , i 3 , and v,, v,, v3 by the Gram-Schmidt 

method. 
(3) Calculate the matrix A = PK E.' by Cholesky factoriza-

tion. 
(4) Project z onto I to obtain b 
(5) Find A by solving the system A A = b. 
(6) Project A onto E A* = PA. 
(7) Compute ct,, a 3 by means of equation (51). 

Since the total number of points can be subdivided (Paihua 
and Utrera. 1976) to obtain the solution of the system in step 
(5). the total number of points can be made arbitrarily large. 

Finally, we stress that the kernel (42) of the biharmonic 
equation (39) is just one of the possible solutions for such an 
equation. Another possibility is. for instance, the pseudocubic 
splines where 

tj'. 

However. Campos ct al. (1983) stated that pseudocubic splines 
yield poorer results than the thin-plate approach, especially in 
places which lack measurements in a given region. 

The finite-difference approach 

This method belongs to the numerical surfaces classification 
and also deals with curvature minimization under the thin-
plate approach: however, curvature here is approximated 
(Hrins. 1974) by 

I J 

C = 7 (C1) 2. (52) 

where Cu is the curvature in (x1. yd. Let = y1) be the 
displacement of the plate in (.‘, . y). Cu is then a function of u 
and nearby grid values: the total curvature depends upon the 
precision with which the curvature is represented in uu. In 

••• 

order to minimize equation (52), the partial derivatives of (' 
with respect to no must equal zero (Stick', 1963). 

i = 1, , I 
= (53) 

This results in a set of relations between the neighboring grid 
points, with one relation per point. 

Two general curvature descriptions are needed: (I) for 
points on the regular grid, with spacing h which also have 
expressions for the corners, edges, and intermediate points. In 
the latter case, for instance, we have 

Cu = /. + + 111.J+ I + — 4140/h2. (54) 

(2) For points not on the grid, 
4 

C¡i = E h, u, — u E h, + h, w„. (55) 
L= I k ,  I 

The coefficients 61, k = I, . .., 5 arc calculated from the Taylor 
series expansion of the points. 

Ix° + EA. Yo + rik k = l• •• • 5 

and by taking five u, values of equation (55) as 

(11, — h), (0, (— h, ( h), and (F„, 

where w„ is the nearby observation value. 
Equation (55) is the expression for points outside the grid. 

Substituting equations (54) and (55) into equation (53), we 
obtain a system of linear equations that allows calculation of 
interpolated points. 

The accuracy of this method depends upon the precision 
with which the curvature is approximated, particularly foi 
points outside the grid. If the grid spacing is large, or if there 
are few points in a given region, the Taylor series expansion 1, 
less approximate. The method may show convergence proh• 
lems when the number of points is large Or when the grid 
spacing /1 is also large. Even without a direct comparison 
based on modeled results between the finite-difference method 
and the analytic solution, it is not difficult to see that thc 
results of the former method tend to those of the latter as 
11—. 0. The field values are not as accurately reproduced by the 
finite-difference method as they are by the analytic solution. 
however, the former is less costly and faster. 

NUMERICAL EVALUATIONS 

A quantitative comparison is possible between the sanou', 
interpolation techniques following the procedure established 
in Rasmussen and Sharma (1979). They used geomagnetk
models to compute actual field values in specified position, 
interpolations at such points with parametric and non 
parametric methods allow numerical comparisons beRkeen
them. They computed the corresponding mean error. mau, 
mum error, and standard deviation in percentage with respcct 
to the largest field value of the anomaly, concluding that non• 
parametric methods yield figures approximately 50 percent 
better than parametric methods. They point out, however, that 
the latter take 50 percent less computer time. 

Following this trend, and reproducing the model prism% 
used by the above authors, we carried out a numerical evalu-
ation for the strictly bidimensional thin-plate approach. Thc 
models consist of three dikes of equal length (16 km) and 
widths of 4, 8, and 16 km buried at depths of 0.25, 0.50. and 
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1.0 km. We assumed a magnetic susceptibility of 0.003 cgs and 

a terrestrial field of 50 000 nT, with inclination 75 degrees and 

declination of 0 degrees. Using a 3-D magnetic modeling pro-

gram, we generated 40 x 40 field values on the surface at I km 

spacing: from these we obtained a subset of values spaced on 

a regular grid at 2 km separation. The latter were used as 

input for the thin-plate interpolation, with an interpolating 

interval of 1 km. The matrix of exact data was subtracted 

from the matrix of interpolated data and the error matrix 

(Table 1 was obtained). Table 2 shows the error evaluation 

reported in Rasmussen and Sharma (1979) for the non-

parametric method (i.e., for the most exact quasi-

hidimensional algorithm). From these tables note that the 

maximum difference for the maximum error is 2.7 percent in 

favor of the quasi-bidimensional method, while the standard 

deviation and the mean errors are practically equal. This pre-

liminary comparison shows that on regular grids the methods 

yield similar results. 
Tables 3. 4, and 5 were computed with the thin-plate pro-

gram for random data distributions, which are the data sets 

pertinent to this discussion. For 300 random "field- data, we 

generated the regular grid of 20 x 40 nodes (1 km apart) and 

obtained Table 3. 
Similarly. we obtained Table 4 from 600 random field data 

points, and Table 5 from 900 random field data points, all 

generated with the above computer program. Note that accu-

racy strongly depends upon the number of initial random data 

points with which the interpolating surface is generated. As an 

example, for the prism of 4 km width buried at a depth of 0.5 

km, the mean error is 0.67 percent for 300 random data 

points, 0.37 percent for 600 random data points, and 0.24 

percent for 9(X) random data points: the corresponding per-

centages for the maximum error are 26.7, 20.6, and 11.6. Fig-

ures 4a and 4b show, respectively, plots of the percent maxi-

mum error and the percent standard deviation versus the field 

gradient in nanoteslas per kilometer for the dike of 4 km 

width buried at a depth of 1 km. It is shown that the error 

increases when the gradient becomes more pronounced (i.e., 

when the prism is shallower) and decreases when the number 

of input data points increases. The maximum error in the 900 

Table I. Errors between field values and interpolated data from thin plate approach (800 points on regular grid). 

Depth Width 
Mean 
Error 

Max. 
Error 

1.0 4 1.47 0.25 47.36 
1.0 8 1.74 0.25 48.44 
1.0 16 2.17 0.29 55.06 
0.5 4 3.13 0.40 06.35 
0.5 8 7.78 0.44 08.45 
0.5 16 4.70 0.53 11.99 
0.25 4 4.50 0.50 60.50 
0.25 8 5.52 0.58 65.13 
0.25 16 6.94 0.72 67.25 

S.D. 
Max. 
Value Grad. 

8.06 4.60 0.78 587 240 
7.01 5.01 0.72 690 265 
7.56 5.45 0.74 727 274 

13.30 10.30 1.32 778 459 
12.72 11.27 132 852 479 
12.78 11.0-) 1.37 876 476 
18.02 15.08 1.69 890 759 
17.48 16.51 1.74 944 778 
17.41 17.66 1.83 960 793 

Table 2. Errors between field values and interpolated data from Rasmussen and Sharma (1979) 
(800 points on regular grid). 

Mean 
Depth Width Error 

1.0 
1.0 
1.0 
0.5 
0.5 
0.5 
0.25 
0.25 
0.25 

4 

16 
4 
8 

16 
4 
8 

16 

0.68 
1.12 
2.09 
1.39 
2.38 
4.53 
2.40 
4.67 
8.95 

0.12 
0.16 
0.28 
0.18 
0.28 
0.51 
0.27 
0.47 
0.87 

Max. 
Error 

25.06 
21.-)4 
20.94 
74.28 
71.65 
71.74 

141.67 
141.29 
169.78 

S.D. ¼ 
Max. 
Value Grad. 

4.39 2.68 0.47 571 237 
3.03 3.43 0.49 701 259 
2.80 4.78 0.64 748 263 
9.56 6.75 0.87 777 '458 • 
8.43 9.26 1.09 850 477 
8.07 13.06 1.47 889 473 

15.3 12.87 1.39 926 748 
14.2 18.00 1.81 995 758 
16.5 62.15 6.04 1 029 761 

Table 3. Errors between field values and interpolated data from thin plate approach (300 random data). 

Mean 
Depth Width Error 

1.0 
1.0 
1.0 
0.5 
0.5 
0.5 
0.25 
0.15 
0.25 

16 
4 
8 

16 

4 
8 

16 
4 

/.44 
3.39 
5.94 
5.25 

8 7.53 
12.79 
8.17 

12.09 
20.24 

0.41 
0.49 
0.81 
0.67 
0.88 
1.46 
0.91 
1.28 
2.10 

Max. 
Error 

87.28 
74.16 

119.30 
207.65 
17192 
232.30 
339.40 
269.60 
352.92 

S.D. 
Max. 
Value Grad. 

14.86 5.33 0.90 587 240 
10.74 5.80 0.85 690 265 
16.39 9.11 1.15 727 - 174 
26.66 12.19 1.56 778 459 
20.41 14.40 1.69 852 479 
26.51 20.70 2.36 876 476 
33.12 20.05 1 .1s 890 759 
28.45 24.56 2.60 944 778 
36.73 33.94 3.53 960 793 
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Table 4. Errors between field values and interpolated data from thin plate approach (600 random data). 

Depth Width 
Mean 
Error 

Max. 
Error S.D. 

Max. 
Value Grad. 

1.0 4 1.19 0.20 67.97 11.57 3.28 0.55 587 240 
1.0 8 1.51 0.21 42.14 6.10 3./6 0.4 690 265 
1.0 16 2.4 0.32 42.0 5.77 3.64 0.50 727 274 
0.5 
0.5 

4 
8 

2.90 
3.80 

0.37 
0.45 

160.08 
1 10.9 

20.55 
13.02 

8.52 
9.18 

1.09 
1.07 

778 
852 

459 
479 

0.5 16 5.71 0.65 107.4 12.26 10.08 1.15 876 476 
0.25 4 5.04 0.56 247.19 27.7 15.92 1.7 890 749 
0.25 8 7.01 0.74 220.13 23.31 17.9 1.90 944 778 
0.25 16 10.87 1.13 215.9 22.4 20.6 2.15 960 793 

Table 5. Errors between field values and interpolated data from thin plate approach (900 random data). 

Depth Width 
Mean 
Error 

Max. 
Error S.D. 

Max. 
Value Grad. 

1.0 4 0.71 0.12 42.25 7.19 2.05 0.35 587 240 
1.0 8 0.86 0.12 21.69 3.14 1.85 0.26 690 265 
1.0 16 1.32 0.18 20.96 2.88 2.03 0.27 727 274 
0.5 4 1.87 0.24 90.50 11.62 5.96 0.76 778 459 
0.5 8 1.13 0.25 71.10 8.46 5.36 0.63 852 479 
0.5 16 3.81 0.43 72.19 8./4 6.88 0.78 876 476 
0.15 4 3.86 0.43 187.06 21.00 12.87 1.44 890 749 
0./5 8 2.13 0./5 72.10 8.46 5.36 0.63 852 778 
0.15 16 8.41 0.87 17.95 18.6 16.82 1.75 960 793 
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FIG. 4. (a). Percent maximum error versus magnetic field 
eradient for a dike 16 km lone. 4 km wide. 30 kn1 hieh, and 
buried at a depth of 1 km. The error increases when the gradi-
ent becomes more pronounced and decreases when the 
number of input data increases. 

ch .4••• • 

800 

FIG. 4 (b). Standard deviation versus magnetic field gradient 
for the same prism as above. 

• 
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FIG. 6. Interpolation of the data set in Figure 5 on a regular grid of 17 x 26 with the thin plate approach, plus linear 
interpolations between the regular grid points for final contouring yield a rough-looking map. 
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FIG. 7. Interpolation of the data set in Figure 5 on a regular grid of 65 x 103 points with the thin plate approach, plus 
linear interpolations between the regular grid points for final contouring yields a smoother aspect to the map. The 
same set of coefficients as those in Figure 6 were used for the analytical computations. 
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FIG. 8. The regular grid of 17 x 26 of Figure 6 was densified by means of the tensorial product algorithm to a 113 x 276 regular grid plus linear interpolations for fi nal contouring. Data trends are si m i lar to those in Figure 7. hut
this map is smoother. Notice the difference in details between the two maps. 

,estrweigitssoire. , t , , iktr-tt f4-



Splines In Geophysics 2847 

FIG. 9. The rulular data grid 01 65 x 103 points in Figure 7 is densified to a regular grid of 129 x 205 points by means 
of the tensor al product algorithm. This map is approximately 15 times more expensive than the map in Figure 8; 
notice, howe‘er, the enhancement of small anomalies. 
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• 
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lytical solution are the most accurate methods of interpolating 

random data. However, they are also the most expensive 

methods. 

A quantitative analysis of interpolation errors suggests that 

a combination of methods may work satisfactorily and eco-

nomically. Starting from a set of random data a regular grid is 

produced with a strictly bidimensional algorithm; the data 

density of the interpolated data is approximately the same 

value as that of the random data. The regular grid can next be 

used as input of a quasi-bidimensional algorithm in order to 
further densify the data. Actual contouring is performed last 

by means of a fast, linear algorithm operating on a dense grid. 

An actual example involving 327 randomly distributed points 

within an irregular area and bounded by a rectangle is used to 

illustrate some of the problems involved in automatic con-

touring of geophysical data sets. 
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